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Abstract
Let L = L(p,q) be a 3-dimensional lens space. We consider smooth finite group actions on L
which leave a Heegaard torus and each of its complementary components invariant. Such an action is
said to have rotational type if each element is isotopic to the identity on L, and to have dirotational
type otherwise. In this paper we enumerate and classify these two types of actions up to equivalence,
where two actions are equivalent if their images are conjugate in the group of self-diffeomorphisms
of L. When q2 = ±1 (mod p) this results in a conjecturally complete classification of all finite group
actions on L.
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Let M be a smooth manifold and let G be a finite group. A G-action on M is an
injective homomorphism ϕ from G into the group Diff(M) of diffeomorphisms on M .
Two G-actions on M are equivalent provided that their images are conjugate in Diff(M),
and they are I-equivalent when their images are conjugate by a diffeomorphism which is
isotopic to the identity. The fundamental “classification problem for symmetries on M” is
to describe, for given G, the set A(M;G) of equivalence classes of G-actions on M . The
mapping class group H(M) of M is the quotient group of Diff(M) by the subgroup of
diffeomorphisms isotopic to the identity. There is a natural action ofH(M) by conjugation
on the set AI (M;G) of I-equivalence classes of G-actions on M , and A(M;G) is the
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orbit space of this action. Thus the classification problem may be addressed by studying
the action of H(M) on AI (M;G). This will be our perspective in this paper where we
examine the finite group actions on lens spaces L. We will classify and enumerate the
subset of A(L;G) which consists of the equivalence classes of G-actions which leave a
Heegaard torus and its complementary components invariant.
Lens spaces are 3-dimensional spherical space forms described as follows. Let S3
be the unit sphere in C × C endowed with the geometry associated with the natural
action of O(4). Let p and q be relatively prime positive integers with p > 2. The map
ρ :S3 → S3 defined by ρ(u, v) = (e2πiq/pu, e−2πi/pv) is an isometry which generates a
free Zp-action on S3. The quotient space S3/〈ρ〉 is the lens space L(p,q), and we let
µ :S3 → L(p,q) denote the quotient map. The 3-sphere is the union of two solid tori
V˜1 = {(u, v) ∈ S3 | |u|2  1/2} and V˜2 = {(u, v) ∈ S3 | |u|2  1/2} whose intersection
is the torus T˜ = {(u, v) ∈ S3 | |u|2 = |v|2 = 1/2}. This decomposition of S3 is invariant
under ρ and descends to give a decomposition of L(p,q) into solid tori V1 = µ(V˜1)
and V2 = µ(V˜2) whose intersection is the torus T = µ(T˜ ). Choose integers r and s
so that rq − ps = −1, and let f be the affine diffeomorphism on S1 × S1 given by
f (u, v) = (urvp,usvq). Then L(p,q) can also be described as the 3-manifold V ∪f V
obtained by identifying the boundaries of two copies of a solid torus V = S1 ×D2 using
f : ∂V → ∂V as attaching map. Explicitly, there are maps β1 and β2 from V onto V1 and
V2 defined by β1(u, v) = µ(λ1uˆ, λ2uˆrv) and β2(u, v) = µ(λ2uˆ−qv,λ1uˆ) where uˆ is a p-
th root of u, λ1 =√1− |v|/2 and λ2 = 1/√2|v|. These maps β1 and β2 piece together to
give a diffeomorphism from V ∪f V to L(p,q), and this provides useful coordinates for
the elements of L. (For more details and a slightly different perspective on these definitions
see [5].)
An embedded torus which separates L = L(p,q) into two solid tori is called a
Heegaard torus, and the associated decomposition of the lens space into two solid
tori is a Heegaard decomposition for L. Thus T = µ(T˜ ) is a Heegaard torus (whose
complementary components are V1 and V2), and we refer to this as the standard Heegaard
torus in L. In [2] Bonahon has shown that every Heegaard torus in L is isotopic to the
standard one.
A G-action ϕ on the lens space L is said to respect a Heegaard decomposition provided
that there is a Heegaard torus in L so that each of its complementary components is
invariant under ϕ(g) for every g in G. Such actions ϕ are grouped into two categories:
those of rotational type for which ϕ(g) is isotopic to the identity on L for every g in G,
and those of dirotational type where ϕ(g) is not isotopic to the identity for some g ∈G.
This language has its roots in the following comments. The isometry group of L contains
subgroups R ∼= S1 × S1 and R ◦ 〈τ 〉 ∼= Dih(S1 × S1).1 We will show (in Theorem 3.5)
that a finite group action on L has rotational type if and only if it is equivalent to an action
whose image is contained in R, and it has dirotational type if and only if it is equivalent to
an action whose image is contained in R ◦ 〈τ 〉 but not in R. In the latter case, the action
restricts to an action of rotational type on an index two subgroup of G. The finite subgroups
1 The generalized dihedral group over an abelian group A is the semi-direct product of A with Z2 defined by
Dih(A)=A ◦ 〈t〉 = 〈A, t | t2 = 1, tat−1 = a−1 for a ∈A〉.
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of Dih(S1 × S1) are isomorphic to either Zm × Z$ or Dih(Zm × Z$) for some integers m
and $, where we assume that m divides $. As these finite groups play a central role in this
paper we abbreviate them as
Zm,$ = Zm ×Z$ and Dm,$ =Dih(Zm × Z$).
(Note that the two types of groups are not entirely distinct since D1,1 ∼= Z1,2 and D1,2 ∼=
Z2,2.) If a G-action has rotational type then G ∼= Zm,$, and if it has dirotational type
then G ∼= Dm,$ for some integers m and $ (see Theorem 1.1). Given a subgroup G1
of G, we denote by A(L;G,G1) the subset of A(L;G) consisting of the equivalence
classes represented by G-actions ϕ that preserve a Heegaard decomposition and for which
ϕ(g) is isotopic to idL if and only if g ∈ G1. Thus the subset of A(L;Zm,$) consisting
of equivalence classes of Zm,$-actions with rotational type is A(L;Zm,$,Zm,$), and the
subset of A(L;Dm,$) consisting of equivalence classes of Dm,$-actions with dirotational
type is A(L;Dm,$,Zm,$).
Given a manifold M with a geometric structure it is natural, and in keeping with
Thurston’s geometrization conjecture, to investigate the symmetry classification problem
on M via the isometry group Isom(M). An isometric G-action on M is a G-action
whose image is contained in Isom(M). Two isometric G-actions on M are isometry
equivalent provided that their images are conjugate in Isom(M). Let I(M;G) denote
the set of all isometry equivalence classes of isometric G-actions on M . The inclusion
from Isom(M) to Diff(M) induces a function from I(M;G) to A(M;G), and it is natural
to ask if this function is a bijection—its surjectivity is the geometrization conjecture for
symmetries,2 and its injectivity is the rigidity conjecture for symmetries. For a lens space
L and G= Zm,$, or Dm,$, we let I(L;G,Zm,$), denote the subset of I(L;G) consisting
of equivalence classes of G-actions of rotational type, or dirotational type, respectively.
In Theorems 3.5 and 3.6 we show that the naturally induced functions I(L;G,Zm,$)→
A(L;G,Zm,$) are bijections, so that the geometrization and rigidity conjectures hold for
actions which respect Heegaard decompositions.
The main result of this paper, given in Theorem 5.2, goes beyond the geometrization
and rigidity conjectures to give a complete enumeration of the equivalence classes of
group actions on L which respect a Heegaard decomposition. As an illustration, when
L is non-symmetric (which means that q2 = ±1 (mod p)) the number of equivalence
classes of Zm,$ actions with rotational type is ∆($/m) where ∆ is Dedekind’s function,3
and there are exactly the same number of Dm,$ actions with dirotational type. Modulo
the geometrization conjecture this enumerates all of the finite group actions for this
2 Strictly speaking the geometrization conjecture is usually phrased as: for each G-action there is a geometric
structure on M (or decomposition of M into geometric pieces) so that the image of the action is contained in
the isometry group associated with that structure (or splits into isometries on the geometric pieces). When M
is a spherical space form this is an equivalent characterization of geometrization because the DeRham rigidity
theorem [10] asserts that any two elliptic structures on M have isometry groups which are conjugate in Diff(M).
However the equivalence fails in general, even if M is a Euclidean or 2-dimensional hyperbolic space form. For
more background on the geometrization conjecture see [13,8] or [1].
3 Dedekind’s function ∆ is the arithmetic function defined by the properties ∆(ab)=∆(a)∆(b) when a and
b are relatively prime, and ∆(ρn)= ρn(1+ 1ρ ) when ρ is prime.
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class of lens spaces (Theorem 5.3). Somewhat weaker conclusions are drawn when q2 =
±1 (mod p) (Theorems 5.4–5.6).
Here’s a brief outline of the organization of the paper. In Section 0 we state some
fundamental results from [5] which will be important. The basic approach to classifying
actions which respect a Heegaard decomposition is introduced in Section 1, and involves
restricting each action to an invariant Heegaard torus T . Under restriction, the set of I-
equivalence classes of Zm,$ actions of rotational type is shown to map bijectively to a
quotient of the set of I-equivalence classes of orientation-preserving free Zm,$-actions on
T under the action of a subgroup of the mapping class group of T . In Section 2 we identify
this set of free actions on T with a certain set of equivalence classes of group extensions
of the form
1 → Z×Z→ Z×Z→ Zm,$ → 1
and these equivalence classes of extensions are enumerated in Section 4. In Section 3
we establish the geometrization and rigidity for actions which respect a Heegaard
decomposition. In Section 5 the results are combined to describe the classification of
the equivalence classes of actions of rotational type. Restricting from Dm,$ to its Zm,$
subgroup is shown to induce a bijection from the equivalence classes of Dm,$ actions of
dirotational type to the equivalence classes of Zm,$ actions of rotational type. Previous
studies of equivalence classes of actions on lens spaces have focused mostly on cyclic
actions which have fixed points—involutions in [7] and [3], and arbitrary cyclic groups
in [6]. To relate these results with ours, we examine the fixed point data of each equivalence
class of cyclic action of rotational type in Section 6. With recent progress on Thurston’s
geometrization conjecture these results give more complete solutions to the classification
problem of symmetries on lens spaces (see Theorem 6.6).
0. Background
Let L = L(p,q) be a lens space with standard Heegaard torus T . We identify T
with S1 × S1 using the restriction of β1 to ∂V (where V = S1 × D2, and β1 :V → V1
is as described in the introduction). The action of S1 × S1 on itself by left translation
extends naturally from T to give an S1 × S1-action on L. Explicitly, using the coordinates
on L associated with β1 :V → V1 and β2 :V → V2, if (z,w) ∈ S1 × S1 and (u, v) ∈
V then (z,w) · β1(u, v) = β1(zu,wv) and (z,w) · β2(u, v) = β2(zrwpu, zswqv). The
diffeomorphisms which are elements of this torus action will be referred to as rotations
of L. The group of all rotations on L is denoted by R, and, as described, it is identified
with S1 × S1. Since R is connected, each rotation is isotopic to the identity. The group
of rotations is the projection to L of the group of orthogonal maps on S3 of the form
(u, v) → (zu,wv), (z,w) ∈ S1 × S1, and so R is contained in Isom(L).
The involution τ :L → L is defined by τ (β1(u, v)) = β1(u, v) and τ (β2(u, v)) =
β2(u, v) (where u denotes the conjugate of the complex number u). Since the map
τ˜ :S3 → S3 given by τ˜ (u, v) = (u, v) is orthogonal and projects onto τ , it follows that
τ is an isometry of L. Also, τ conjugates each element of R to its inverse, so the subgroup
of Isom(L) generated by R and τ is isomorphic to Dih(S1 × S1). A description of the full
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isometry group of L depends only on the type of the lens space (see [5]), where the types
are specified as follows:
Type (a) q2 = ±1 (mod p);
Type (b) q2 =−1 (mod p);
Type (c) q2 = 1 (mod p), q = ±1 (mod p) and both p and (q2 − 1)/p are even;
Type (d) q2 = 1 (mod p), q = ±1 (mod p), and one of p or (q2 − 1)/p is odd;
Type (e) q =±1 (mod p) and p is even;
Type (f) q =±1 (mod p) and p is odd.
If L has type (a) then Isom(L) is generated by R and τ . If L has type (b) then there
is an isometry σ− defined by choosing the attaching map f for L so that r = q (and
q2 − ps = −1) and putting σ−β1(u, v) = β2(u, v) and σ−β2(u, v) = β1(u, v). (A lift
of σ− to S3 is the orthogonal map σ˜−(u, v) = (v, u).) If L has type (c), (d), (e) or (f)
then q2 = 1 (mod p), and there is an isometry σ+ defined by choosing the attaching
map f for L so that r = −q (and q2 + ps = 1) and putting σ+β1(u, v) = β2(u, v) and
σ+β2(u, v)= β1(u, v). (A lift of σ+ to S3 is the orthogonal map σ˜+(u, v)= (v,u).) Notice
that both σ− and σ+ leave T invariant but interchange the two solid tori V1 and V2.
The diffeomorphisms τ , σ− and σ+ (when defined) generate a subgroup of Isom(L)
which we denote by G(p,q). And the subgroup of G(p,q) consisting of those elements
which are isotopic to idL is denoted by K(p,q). For p > 2 we have the descriptions
G(p,q)=

〈τ 〉 ∼= Z2, if q2 = ±1 (mod p),
〈σ−〉 ∼= Z4, if q2 =−1 (mod p),
〈τ, σ+〉 ∼= Z2 ×Z2, if q2 = 1 (mod p)
and
K(p,q)=

1, if q = ±1 (mod p),
〈σ+τ 〉 ∼= Z2, if q = 1 (mod p),
〈σ+〉 ∼= Z2, if q =−1 (mod p).
In [5] it is shown that if L has type (a), (b), (c) or (d) then Isom(L) is generated by R
and G(p,q). But the lens spaces of type (e) and (f), which have 4-dimensional isometry
groups, have isometries which do not leave T invariant.
Let Diff(L,T ) denote the group of diffeomorphisms of L which leave the standard
Heegaard torus T invariant. The mapping class group H(L,T ) of L modulo T is the
quotient of Diff(L,T ) by the subgroup of diffeomorphisms which are isotopic to idL
leaving T invariant (that is, each stage of the isotopy maps T to itself). In [5] it was
shown that when p > 2 the inclusions of G(p,q) into Diff(L,T ) and Diff(L) induce
isomorphismsG(p,q)∼=H(L,T ) and G(p,q)/K(p,q)∼=H(L). From this the following
was also observed:
Lemma 0.1. Let L = L(p,q) where p > 2. Let f be a diffeomorphism of L which
leaves the Heegaard torus T invariant and let f¯ be its restriction to T . The following
are equivalent:
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(a) f is isotopic to idL modulo T ;
(b) f¯ induces the identity automorphism on H1(T );
(c) f preserves the sides of T and is isotopic to idL.
The lemma fails when p = 1 or 2, because τ (which cannot be isotopic to idL relative
to T ) is freely isotopic to idL in these cases. However, statements (a) and (b) of the lemma
are equivalent for all p, and they clearly imply statement (c). From the equivalence of
(a) and (b), the homomorphism from G(p,q) to GL(2,Z) given by first restricting to T
and then taking the induced homomorphism on H1(T ) (written in matrix form using the
standard basis on H1(T )) is a monomorphism. We will denote the images of G(p,q) and
K(p,q) under this monomorphism by G∗(p, q) and K∗(p, q), respectively.
1. Restricting actions to a Heegaard torus
A G-action ϕ on a lens space L= L(p,q) respects a Heegaard decomposition if there
is a Heegaard torus with the property that ϕ(g) maps each component of the complement
of the torus to itself for all g ∈G. Such an action ϕ is said to have rotational type if each
ϕ(g) is isotopic to the identity on L, and to have dirotational type if some ϕ(g) fails to be
isotopically trivial on L. Given a G-action ϕ which respects a Heegaard decomposition we
set
G(ϕ)= {g ∈G | ϕ(g) is isotopic to the identity on L}.
Then ϕ has rotational type when G(ϕ)=G, and it has dirotational type when G(ϕ) =G.
Given a group G and a subgroup G1 <G, we consider G-actions ϕ which satisfy
(L1) ϕ respects a Heegaard decomposition of L,
(L2) G1 =G(ϕ).
The sets of equivalence and I-equivalence classes of G-actions on L which satisfy (L1)
and (L2) are denoted by A(L;G,G1) and by AI (L;G,G1), respectively. By definition
A(L;G,G1) is a subset of A(L;G). If α is an automorphism of G and ϕ is a G-action
on L then ϕα is a G-action which is I-equivalent to ϕ and G(ϕα) = α−1(G(ϕ)). From
this it follows that A(L;G,G1) and A(L;G,G′1) will coincide if and only if there is an
isomorphism of pairs from (G,G1) to (G,G′1).
In this section we establish a procedure for enumeratingA(L;G,G1) andAI (L;G,G1)
in terms of the set of I-equivalence classes of certain G-actions on a torus. This will be
achieved in Theorem 1.6. The first result plays a fundamental role throughout the paper. Its
proof is deferred until after Lemma 1.3.
Theorem 1.1. Let L = L(p,q) be a lens space with p > 2, and let ϕ be a G-action on
L which respects a Heegaard decomposition. If ϕ has rotational type then G∼= Zm,$ (and
G(ϕ) ∼= Zm,$) for some integers m and $. If ϕ has dirotational type then G ∼= Dm,$ and
G(ϕ)∼= Zm,$ for some m and $.
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Because of Theorem 1.1, the set A(L;G,G1) is nonempty only when (G,G1)
is isomorphic to (Zm,$,Zm,$) or (Dm,$,Zm,$). The set A(L;Zm,$,Zm,$) consists of
the equivalence classes of Zm,$-actions with rotational type on L. Similarly, the set
A(L;Dm,$,Zm,$) is the set of equivalence classes of Dm,$-actions of dirotational type
on L. (In some cases there is more than one subgroup G1 of Dm,$ isomorphic to Zm,$.
This happens only when Dm,$ is Z2 × Z2 or Z2 × Z2 × Z2. However there is always an
isomorphism of pairs between (Dm,$,G1) and (Dm,$,Zm,$), so that A(L;Dm,$,G1) =
A(L;Dm,$,Zm,$).)
The Conway sphere is the 2-orbifold which is a sphere with four cone points of order
two. It’s the quotient of T = S1 × S1 obtained by modding out by the involution τ where
τ (u, v)= (u, v).
Lemma 1.2. Let ϕ be a G-action on a torus T .
(a) ϕ(g)∗ = id on H1(T ) for all g ∈ G if and only if T/ϕ is a torus and G ∼= Zm,$ for
some integers m and $.
(b) ϕ(g)∗ = ± id on H1(T ) for all g ∈G and ϕ(g)∗ = − id for some g ∈G if and only if
T/ϕ is a Conway sphere and G∼=Dm,$ for some integers m and $.
Proof. Suppose that ϕ(g) induces ± id on H1(T ) for each g ∈ G. Since ± id induce
matrices with determinant 1, each ϕ(g) is orientation-preserving. Let p :T → T/ϕ be the
orbifold covering and let λ :π1(T /ϕ)→G be the epimorphism which it determines. (As
the context makes clear, “π1” denotes the orbifold fundamental group here. For background
on orbifolds see [12].) Since T/ϕ is a closed orientable Euclidean 2-orbifold it is either a
torus, a sphere with three cone points of orders (2,3,6), (2,4,4) or (3,3,3), or a Conway
sphere. If there are three cone points then π1(T /ϕ) contains an element of order 3 or 4
whose image under λ has a fixed point on T . This element induces an automorphism of
order 3 or 4 on H1(T ) and cannot equal ± id. Thus T/ϕ must be either a torus or a Conway
sphere. Now consider the exact sequence
1 → π1(T ) p∗−→π1(T /ϕ) λ−→G→ 1.
If T/ϕ is a torus then the extension is central and ϕ(g)∗ = id for all g ∈G. In this case G
is a quotient of Z×Z and must be isomorphic to Zm,$ for some integers m and $. If T/ϕ is
a Conway sphere then there is an element g of order two in π1(T /ϕ) and ϕ(λ(g))∗ = −id.
In this case G is a quotient of π1(T /ϕ)∼= Dih(Z× Z) and so it’s isomorphic to Dm,$ for
some integers m and $. ✷
In studying actions on solid tori an important role is played by orbifolds which we refer
to as the orbifold solid torus V (k) of type k and the Conway ball B(k) of type k. These
orbifolds are quotients of the solid torus V = S1 ×D2 as follows: Let ρk be the rotation
on V given by ρk(z,w) = (z, e2πi/kw) and let τ be the involution of S1 ×D2 given by
τ (z,w)= (z,w). Then V (k)= S1 ×D2/〈ρk〉, and B(k) = S1 ×D2/〈ρk, τ 〉 (see Fig. 1).
The quotient space of an orientation-preserving properly discontinuous group action on
a solid torus has type V (k) or B(k) for some k [4]. The orbifold fundamental groups of
V (k) and B(k) are isomorphic to Z× Zk and Dih(Z× Zk) respectively, and in both cases
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the inclusion maps from the boundary of the orbifolds induce surjections on fundamental
groups.
Lemma 1.3. Let V be a solid torus with boundary T . An orientation preserving G-action
on T extends to a G-action on V if and only if the image of the natural homomorphism
G→ Aut(H1(T )) is contained in {± id}.
Proof. Let ϕ be an orientation preserving G-action on T with ϕ(g)∗ = ± id for each
g ∈ G. Let p :T → T/ϕ be the orbifold covering and let λ :π1(T /ϕ) → G be the
epimorphism which it determines. By Lemma 1.2, T/ϕ is a torus or a Conway sphere.
First consider the case where T/ϕ is a torus. Let m be a meridianal generator of
π1(T ) (so it’s represented by a simple closed curve which bounds a disk in V ) and write
p∗(m)= m˜k where m˜ is primitive in π1(T /ϕ)∼= Z× Z. Let V be an orbifold solid torus
of type k with ∂V = T/ϕ so that a simple closed curve representing m˜ is a meridian for
V . Since λ(m˜) is an element of order k in G and π1(V )∼= Zk × Z, λ induces a surjection
λ :π1(V )→ G. Furthermore the kernel of λ contains no torsion elements. This implies
that the covering V ′ of V corresponding to ker(λ) is a solid torus whose group of covering
transformations is G. The boundary of V ′ can be equivariantly identified with T and this
identification extends to an identification of V ′ with V . The desired G-action on V can
then be pulled back from this identification.
Now consider the case where T/ϕ is a Conway sphere. The fundamental group π1(T /ϕ)
is isomorphic to Dih(Z × Z) and p∗(m) is contained in the maximal Z × Z subgroup.
Again let m˜ be the primitive element of the maximal Z× Z subgroup with p∗(m)= m˜k .
Let V be a Conway ball of type k so that a simple closed curve representing m˜ bounds
an orbifold disk with one cone point of order k which is not boundary parallel in V .
Then π1(V ) ∼= Dih(Zk × Z) and λ induces an epimorphism λ :π1(V )→ G. Again the
desired G-action is obtained by identifying V with the covering of V corresponding
to ker(λ).
To prove the converse, suppose that a G-action on T extends to V . Then each ϕ(g) has
finite order. Since the orientation-preserving mapping class group of V is isomorphic to
Z×Z2 where the Z2 factor is generated by τ (where τ (u, v)= (u, v) for (u, v) ∈ V ), each
ϕ(g) is isotopic to either τ or id. Thus ϕ(g) induces ± id. ✷
Proof of Theorem 1.1. Let L = L(p,q) be a lens space with p > 2, and let ϕ be a G-
action on L which respects a Heegaard decomposition. There is a Heegaard torus T and
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a solid torus V with ∂V = T which is invariant under ϕ. By Lemma 1.3, ϕ(g)∗ = ±1
on H1(T ) for each g ∈ G. Suppose that ϕ has rotational type. Then each ϕ(g) is freely
isotopic to idL and preserves the sides of T . By Lemma 0.1, ϕ(g) must induce the identity
automorphism on H1(T ). Then Lemma 1.2 implies that G ∼= Zm,$ for some integers m
and $. Now suppose that ϕ has dirotational type. There is an element g ∈G so that ϕ(g) is
not isotopic to idL. Since ϕ(g) preserves the sides of T it cannot induce id on H1(T ) by
Lemma 0.1. Thus ϕ(g) induces − id on H1(T ) and G∼= Dm,$ for some integers m and $
by Lemma 1.2. The subgroup of G consisting of those elements g where ϕ(g) induces id
on H1(T ) has index two in G and is isomorphic to Zm,$ by the first part of the proof. ✷
Lemma 1.4. Let L = L(p,q) where p > 2 and let ϕ be a G-action on L. Let T and T ′
be Heegaard tori which are invariant under ϕ and suppose that ϕ preserves their sides.
Then there is a diffeomorphism h isotopic to the identity on L so that h(T ) = T ′ and
hϕ(G)h−1 = ϕ(G).
Proof. If the suborbifolds T/ϕ and T ′/ϕ are ambient isotopic in L/ϕ then the lemma will
follow: An isotopy id H of L/ϕ with H(T/ϕ)= T ′/ϕ lifts to an isotopy id  h on L.
By construction h is G-equivariant and carries T to T ′.
The G-action ϕ is orientation preserving since, when p > 2, each orientation-reversing
diffeomorphism of L which leaves a Heegaard torus invariant must interchange the sides
of that torus. (In fact the only orientation-reversing elements of G(p,q) are σ− and its
inverse [5].) Thus the restrictions of ϕ to T and T ′ must be orientation preserving. As a
result, the orbifolds T/ϕ and T ′/ϕ are orientable. To show that T/ϕ and T ′/ϕ are isotopic
in L/ϕ we will break into three cases according to their topological types. There are solid
tori V1, V2, V ′1, and V ′2 so that L = V1 ∪ V2 with ∂V1 = ∂V2 = T and L = V ′1 ∪ V ′2 with
∂V ′1 = ∂V ′2 = T ′. Each of the orbifolds Vi/ϕ and V ′i /ϕ is either an orbifold solid torus
of type k or a Conway ball of type k. Their boundaries T/ϕ and T ′/ϕ are either tori or
Conway spheres.
Case 1. T/ϕ and T ′/ϕ are both tori. Let V (k1) and V (k2) be the respective types of the
orbifolds V1/ϕ and V2/ϕ. If k1 = k2 = 1 then L/ϕ is a lens space, and T/ϕ and T ′/ϕ are
Heegaard tori. Thus T/ϕ and T ′/ϕ are ambient isotopic by [2], as desired. As a result we
may assume that k1 > 1. Since T ′/ϕ is a torus it must fail to intersect the core C of the
orbifold solid torus V1/ϕ ≈ V (k1). Therefore one of the complementary components of
T ′/ϕ, say V ′1/ϕ, contains C, and V ′1/ϕ has type V (k1). Choose a regular neighborhood of
C which is contained in both V1/ϕ and V ′1/ϕ, and let T0 be its boundary. Then both T/ϕ
and T ′/ϕ can be isotoped to T0 since the boundary of a regular neighborhood of the core
of a solid torus is parallel to the boundary torus. Thus T ′/ϕ is isotopic to T/ϕ, and the
lemma follows.
Case 2. T/ϕ is a torus and T ′/ϕ is a Conway sphere. Let V (k1), V (k2), B(k′1), and
B(k′2) be the respective types of V1/ϕ, V2/ϕ, V ′1/ϕ and V ′2/ϕ. Since L/ϕ is the union of
two orbifold solid tori the singular set of L/ϕ is either empty, a circle or the union of two
circles. Thus k′1 = k′2 = 1 and k1 and k2 are at most 2. As it is a union of two Conway balls,
the underlying space of L/ϕ must be S3, and, since L/ϕ is also the union of V (k1) and
V (k2), the singular set must be either a trivial knot or the Hopf link. In these respective
cases π1(L/ϕ) is isomorphic to Z2, or Z2 × Z2. It follows that π1(L) is isomorphic to
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either 1 or Z2 since it is a cyclic subgroup of π1(L/ϕ). Therefore L is either S3 or RP3
which contradicts the assumption that p > 2. This shows that case 2 cannot occur.
Case 3. T/ϕ and T ′/ϕ are both Conway spheres. Let B(k1), B(k2), B(k′1), and B(k′2)
be the respective types of V1/ϕ, V2/ϕ, V ′1/ϕ and V ′2/ϕ. If k1 = k2 = 1 then L/ϕ is a
3-sphere whose singular set is a two bridge link. By [11] the Conway spheres T/ϕ and
T ′/ϕ are isotopic. Thus we may assume that k1 > 1. Let G1 be the subgroup of G of
index 2 which acts freely on T . (This consists of elements of G which induce the identity
automorphism on H1(T ).) Let ϕ1 be the restriction of ϕ to G1. The torus T descends to a
torus T/ϕ1 which splits L/ϕ1 into two orbifold solid tori V1/ϕ1 and V2/ϕ1. The torus T ′
is ϕ1-invariant and it descends to a torus or Conway sphere in L/ϕ1. If T ′/ϕ1 is a Conway
sphere then, by case 2, we have p  2 which contradicts the hypotheses. Hence T ′/ϕ1 is a
torus in L/ϕ1. In particular, T ′/ϕ1 misses the singular set of V1/ϕ1 and so T ′/ϕ does not
intersect the strut of the Conway ball V1/ϕ. A regular neighborhood of this strut is isotopic
to the boundaries of the Conway balls V1/ϕ and V ′1/ϕ. So T/ϕ is isotopic to T ′/ϕ. ✷
Examples. When p = 1 or 2 a G-action on L(p,q) may respect a Heegaard decomposi-
tion but still have an invariant Heegaard torus whose complementary components are in-
terchanged by some element of the group, or it may have two different invariant Heegaard
decompositions where the restrictions of the action to the Heegaard tori are not equivalent.
For instance, let ρ1 be the involution of S3 which is a 180◦ rotation about the circle C1
shown in Fig. 2. (This involution is conjugate to τ .) The associated Z2-action on S3 has
invariant tori T1 and T3 where T1 is a regular neighborhood of C1 and T3 is a regular neigh-
borhood of the circle C3 shown in Fig. 2. TheZ2-action preserves the sides of these two tori
but its restriction to T1 is free while its restriction to T3 has four fixed points, so the restric-
tions to T1 and T3 are not equivalent. There is another ρ1-invariant Heegaard torus T ′ in S3
whose sides are reversed by ρ1. Perhaps this can be best described by parametrizing S3 as
the unit sphere in C2 and identifying ρ1 with the involution (u, v) → (v,u) which reverses
the sides of the Heegaard torus T˜ consisting of all (u, v) ∈C2 with |u| = |v| = 1/√2.
Let ρ2 be the involution of S3 which is a 180◦ rotation about the circle C2 shown in
Fig. 2. Then 〈ρ1, ρ2〉 is a D2-action on S3. This action leaves the Heegaard tori T1 and T3
invariant. The restriction of the action to T1 is free but the action on T3 has eight points
Fig. 2. A D2-action on S3 with inequivalent invariant Heegaard tori.
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with nontrivial stabilizers. The involution ρ1ρ2 acts freely on S3 and so the D2-action on
S3 descends to a Z2-action on S3/〈ρ1ρ2〉 = RP3 which has invariant tori T1/ρ1ρ2 and
T3/ρ1ρ2 which are equivariantly distinct. These examples show that the conclusion of
Lemma 1.4 does not hold when p = 1 or 2. Specifically, T1/ϕ is a torus while T3/ϕ is a
Conway sphere, so it’s the conclusion of case 2 in the proof of Lemma 1.4 that fails.
Let V be a solid torus with ∂V = T . If ϕ is aG-action on V then we denote its restriction
to T by ϕ.
Lemma 1.5. Let V be a solid torus with boundary T . Suppose ϕ1 and ϕ2 are orientation
preserving G-actions on V with ϕ1(G)= ϕ2(G). Then there is a diffeomorphism h :V →
V which is isotopic to the identity relative to ∂V such that hϕ1(G)h−1 = ϕ2(G).
Proof. By [4] the orbifold quotient V/ϕi is either an orbifold solid torus or a Conway ball,
for i = 1,2. We note that π1(V (k))∼= Zk ×Z and π1(B(k))∼=Dih(Zk × Z). Consider the
following commutative diagram
π1(V )
p1∗
π1(T )
i∗ i∗
p∗
π1(V )
p2∗
π1(V /ϕ1) π1(T /ϕ1)
i1∗ i2∗ π1(V /ϕ2)
where i , i1, i2 denote inclusions and p, p1, and p2 are the natural orbifold covering maps.
Let α be a loop in T/ϕ1 which represents an element of the kernel of i1∗. Then α lifts to
a loop α˜ in T , and p1∗i∗[α˜] = i1∗p∗[α˜] = i1∗[α] = 1, implying that i∗[α˜] = 1. It follows
that i2∗([α])= i2∗p∗([α˜])= p2∗i∗[α˜] = 1 so that [α] ∈ ker(i2∗). Thus we have shown that
ker(i1∗) ⊂ ker(i2∗). Interchanging the roles of i1 and i2 shows that ker(i2∗) ⊂ ker(i1∗).
Therefore ker(i1∗) = ker(i2∗). Since i1∗ and i2∗ are surjective, there is an isomorphism
i2∗i1−1∗ from π1(V /ϕ1) to π1(V /ϕ2) (whose inverse is i1∗i2−1∗ ). It follows that, for some
integer k, V/ϕ1 and V/ϕ2 are either both diffeomorphic to V (k) or both diffeomorphic
to B(k).
Let β be a simple closed curve in T/ϕ1 such that i1∗[β] is an element of order k
with infinite centralizer in π1(V /ϕ1). Then β bounds an essential singular disk D1 in
V/ϕ1 with one cone point of order k. Also i2∗[β] has order k and infinite centralizer in
π1(V /ϕ2) so [β] bounds a similar disk D2 in V/ϕ2. The identity map on T/ϕ1 can now
be extended to a diffeomorphism H from V/ϕ1 to V/ϕ2 by first carrying D1 to D2 and
then orbifold coning over their complementary components (which are orbifold quotients
of a 3-ball). By construction H∗ = i2∗i1−1∗ , and so H lifts to a diffeomorphism h :V → V
which is the identity map on T . It follows that h is isotopic to the identity and satisfies
hϕ1(G)h−1 = ϕ2(G). ✷
Let G be a finite group with subgroup G1. We consider G-actions on a torus T which
satisfy
(T1) each element of G induces ± id on H1(T ),
(T2) G1 is the subgroup of G consisting of elements which induce id on H1(T ).
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We write AI (T ;G,G1) to denote the set of I-equivalence classes of G-actions on T
which satisfy conditions (T1) and (T2). The group GL(2,Z) acts on AI (T ;G,G1) by
α · [ϕ] = [µ(h)ϕ] where α ∈ GL(2,Z), h is a diffeomorphism of T with h∗ = α and µ(h)
denotes conjugation by h. If α = [ x yz w ] then it is often convenient to choose h to be the
affine diffeomorphism α given by α(u, v)= (uxvy,uzvw) for u,v ∈ S1.
Theorem 1.6. Let L = L(p,q) where p > 2. There are bijections from AI (L;G,G1)
to AI (T ;G,G1)/K∗(p, q) and from A(L;G,G1) to AI (T ;G,G1)/G∗(p, q) which are
induced by restricting actions from L to T .
Proof. Any two Heegaard tori in L are isotopic by [2]. Thus for any element [ϕ] in
AI (L;G,G1) there is a representative action ϕ1 ∈ [ϕ] which leaves both complementary
components of the Heegaard torus T invariant. Define Ψ ([ϕ]) to be the equivalence class
in AI (T ;G,G1)/K∗(p, q) represented by the restriction ϕ1 of ϕ1 to T . By Lemma 0.1,
ϕ1(g)∗ = idH1(T ) if and only if g ∈G1, and so [ϕ1] ∈AI (T ;G,G1). We need to verify that
Ψ is well-defined. Suppose that ϕ1 ∈ [ϕ] and ϕ2 ∈ [ϕ] satisfy ϕi(g)(T )= T for all g ∈G.
There is a diffeomorphism h of L, isotopic to the identity, such that µ(h)ϕ1(G)= ϕ2(G).
By Lemma 1.4 we may assume that h leaves T invariant. Since H(L,T ) ∼= G(p,q),
it follows that h∗ represents an element in K∗(p, q) and µ(h)ϕ1(G) = ϕ2(G). Now
h∗ · [ϕ1] = [µ(h)ϕ1] = [ϕ2], and thus Ψ is well-defined.
Suppose that γ represents an element in AI (T ;G,G1). Since γ (g) induces ± id on
H1(T ) for all g ∈ G, by Lemma 1.3 we may extend this action to L = V1 ∪ V2 and
this shows that Ψ is onto. Now suppose that Ψ ([ϕ]) = Ψ ([θ ]) where ϕ and θ are G-
actions which preserve T . Then [θ] = α[ϕ] = [µ(α)ϕ] for some α ∈ K∗(p, q). There
exists a homeomorphism j of T , isotopic to the identity, such that µ(j)µ(α)ϕ(G) =
θ(G). Let f ′ be an element of K(p,q) whose restriction to T induces α. Extend j to
a homeomorphism f of L and note that f  id. Let µ(ff ′)ϕ = ϕ′. Then ϕ and ϕ′
represent the same equivalence class in AI (L;G,G1) and ϕ′(G)= θ(G). By Lemma 1.5
there is a diffeomorphism hi of Vi , isotopic to the identity relative to ∂Vi , such that
µ(hi)(ϕ
′(G))|Vi = θ(G)|Vi . If h is the diffeomorphism of L whose restriction to Vi
is hi for i = 1,2, then h  id and µ(h)ϕ′(G) = θ(G). This shows that Ψ is one-to-
one, establishing the bijection from AI (L;G,G1) to AI (T ;G,G1)/K∗(p, q). A similar
argument gives the bijection from A(L;G,G1) to AI (T ;G,G1)/G∗(p, q). ✷
2. Equivalence classes and exact sequences
Let X be a manifold and let Y be an orbifold. A G-action on X is said to have quotient
type Y if X/G is diffeomorphic to Y . Equivalent G-actions have the same quotient type.
We denote the sets of equivalence classes and I-equivalence classes of G-actions on X
with quotient type Y by A(X,Y ;G) and AI (X,Y ;G) respectively. The mapping class
groupH(X) acts on AI (X,Y ;G) by [h][ϕ] = [µ(h)ϕ] where µ(h) is conjugation by h in
Diff(X). In this section, we will assume that X and Y satisfy the following two conditions:
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(C1) If i :π1(X) → π1(Y ) is an injective homomorphism then there is a basepoint
preserving covering map ν :X→ Y with ν∗ = i .
(C2) A diffeomorphism of X which induces the identity outer automorphism on π1(X) is
isotopic to the identity.
For example, these conditions are met when X and Y are closed 2-manifolds, and the
specific situation we are interested in is the case where Xand Y are 2-dimensional tori.
The set of all short exact sequences e= (i, λ) with the form
(i, λ) : 1→ π1(X) i−→π1(Y ) λ−→G→ 1
will be denoted by E(π1(X),π1(Y ),G). The group Aut(π1(X))× Aut(π1(Y ))× Aut(G)
acts on this set by
(α,β, γ ) · (i, λ)= (βiα−1, γ λβ−1)
where α ∈ Aut(π1(X)), β ∈ Aut(π1(Y )) and γ ∈ Aut(G). This corresponds to a
commuting diagram where the rows are exact and the vertical arrows are isomorphisms:
e : 1 π1(X)
α
i
π1(Y )
β
λ
G
γ
1
(α,β, γ )e : 1 π1(X) π1(Y ) G 1
The group of realizable automorphisms AutR(π1(Y )) is the subgroup of Aut(π1(Y ))
consisting of automorphisms which are induced by basepoint preserving diffeomorphisms
of Y . We denote the orbit space of E(π1(X),π1(Y ),G) under the action of 1 ×
AutR(π1(Y )) × Aut(G) by E(π1(X),π1(Y ),G). The action of Aut(π1(X)) × 1 × 1
on E(π1(X),π1(Y ),G) descends to an action of Aut(π1(X)) on E(π1(X),π1(Y ),G).
Since inner automorphisms of π1(X) act trivially, this induces an action of the outer
automorphism group Out(π1(X)) on E(π1(X),π1(Y ),G).
Theorem 2.1. Suppose that X and Y satisfy conditions (C1) and (C2). There is a one-to-
one correspondence Ψ from E(π1(X),π1(Y ),G) toAI (X,Y ;G). If h is a diffeomorphism
of X and [e] ∈ E(π1(X),π1(Y ),G) then Ψ ([h∗] · [e])= [h] ·Ψ [e] where [h∗] is the outer
automorphism of π1(X) induced by h and [h] is the element of H(X) represented by h.
Proof. Let e = (i, λ) be an exact sequence in E(π1(X),π1(Y ),G). Choose a basepoint
preserving (regular) covering map ν :X → Y with ν∗ = i . Such a covering exists by
condition (C1). The universal cover of Y factors through ν. We view π1(Y ) as the group
of covering transformations of the based universal cover of Y . Each element a ∈ π1(Y )
projects from the universal cover to a covering transformation of ν which we denote by
ρν(a). This describes a homomorphism ρν :π1(Y )→ Diff(X).
We define a G-action ϕe :G → Diff(X) by ϕe = ρνλ−1. Since ρν(a) = 1 for any
element a in the kernel of λ, it follows that the homomorphism ρνλ−1 is well-defined.
The definition of ϕe is, however, dependent on the original choice of the covering
map ν with ν∗ = i . If another covering ν′ with with ν′∗ = i is chosen, then there is a
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diffeomorphism h :X → X with ν′ = νh which is isotopic to the identity by condition
(C2). Then ρν ′λ−1 = µ(h)ρνλ−1 which is I-equivalent to ρνλ−1. Thus there is a map
Ψ ′ :E(π1(X),π1(Y ),G)→AI (X,Y ;G) defined by sending e to the I-equivalence class
[ϕe].
Each element in AI (X,Y ;G) can be represented by a G-action ϕ for which the
basepoint of X has trivial stabilizer, and for which there is a base point preserving covering
map ν :X→X/ϕ ≈→Y . We obtain the following exact sequence e
e : 1 → π1(X) ν∗−→π1(Y ) ϕ
−1ρν−→ G→ 1
Then Ψ ′(e)= [ρν(ϕ−1ρν)−1] = [ϕ], which shows that Ψ ′ is surjective.
Let β ∈ AutR(π1(Y )), γ ∈ Aut(G) and e= (i, λ) ∈ E(π1(X),π1(Y ),G). We will show
that Ψ ′((1, β, γ )e)= Ψ ′(e). Choose a covering map ν :X→ Y with ν∗ = i , and let H be
a diffeomorphism of Y which induces β . Let η be the covering map Hν. We then have
ϕ(1,β,γ )e = ρη
(
γ λβ−1
)−1 = ρνλ−1γ−1 = ϕeγ−1.
The latter is equivalent to ϕe and this verifies that Ψ ′ maps (1, β, γ )e and e to the
same element as claimed. Thus Ψ ′ induces a surjection Ψ from the orbit space of
E(π1(X),π1(Y ),G) under the action of 1×AutR(π1(Y ))×Aut(G) to AI (X,Y ;G). It
remains to show that this is injective.
Suppose e1 = (i1, λ1) and e2 = (i2, λ2) are extensions in E(π1(X),π1(Y ),G) with
Ψ ′(e1) = Ψ ′(e2). Let ν1 :X → Y and ν2 :X → Y be covering maps with ν1∗ = i1 and
ν2∗ = i2, and take ϕ1 = ρν1λ−11 and ϕ2 = ρν2λ−12 . Thus we have that [ϕ1] = Ψ ′(e1) =
Ψ ′(e2)= [ϕ2]. This means there is a diffeomorphism h isotopic to the identity on X and an
element γ in Aut(G) such that µ(h−1)ϕ2γ−1 = ϕ1. Let H be the induced diffeomorphism
on Y with Hν1 = ν2h. By deforming H slightly we may assume that h preserves the
basepoint of X. Now
γ−1λ1 = γ−1ϕ−11 ρν1 = γ−1γ ϕ−12 µ(h)ρν1 = ϕ−12 ρν2H∗ = λ2H∗.
Therefore(
1,H∗, γ−1
)
e1 =
(
H∗i1, γ−1λ1H−1∗
)= (h∗i2, λ2)= e2.
This shows that e1 and e2 are in the same 1×AutR(π1(Y ))×Aut(G) orbit, and Ψ is a
bijection. ✷
Remark. Inspection of the proof of Theorem 2.1 shows that (C1) and (C2) are not
needed in order to define the function Ψ−1 from AI (X,Y ;G) to E(π1(X),π1(Y ),G).
But condition (C1) is necessary for the surjectivity of Ψ−1, and (C2) is used to establish
its injectivity.
Each matrix α = [ x yz w ] in GL(2,Z) determines an affine diffeomorphism α on T =
S1 × S1 given by α(u, v) = (uxvy,uzvw), and this correspondence induces an isomor-
phism from GL(2,Z) to the mapping class group H(T ). Through this correspondence
the natural actions of H(T ) on AI (T ,T ;G) and on AI (T ;G,G) may be interpreted as
GL(2,Z)-actions and are described by α · [ϕ] = [µ(α)ϕ]. We also identify Out(π1(T )) and
Aut(π1(T )) with GL(2,Z) by fixing the ordered basis {(1,0), (0,1)} for π1(T )= Z×Z.
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Corollary 2.2. There is a bijection from E(Z × Z,Z × Z,G) to AI (T ;G,G) which is
equivariant with respect to the GL(2,Z)-actions on these sets.
Proof. Both sets E(Z×Z,Z×Z,G) and AI (T ;G,G) are empty unless G is isomorphic
to Zm,$ for some integers m and $. By Theorem 2.1, there is a bijection Ψ from
E(Z × Z,Z × Z,Zm,$) to AI (T ,T ;Zm,$) with Ψ (α · [e]) = [α] · Ψ [e] = α · Ψ [e]. By
Lemma 1.2, the sets AI (T ,T ;Zm,$) and AI (T ;Zm,$,Zm,$) coincide, and the corollary
follows. ✷
3. Geometrization and rigidity
Let λ0 :R×R→ S1 × S1 be the homomorphism (and universal covering map) defined
by λ0(s, t)= (e2πis, e2πit ). Its kernel is Z×Z, and we have an exact sequence
e0 : 1 → Z×Z i0−→R×R λ0−→S1 × S1 → 1
where i0 is the inclusion map. Relative to the standard ordered basis {(1,0), (0,1)},
each α ∈ GL(2,Z) represents a linear transformation on R × R which leaves Z × Z
invariant. Thus α projects to an automorphism α = λ0αλ−10 on S1 × S1. If α =
[
x y
z w
]
then α(u, v)= (uxvy,uzvw) for u,v ∈ S1, and this agrees with our previous usage of the
α notation.
For each pair of positive integers m and $ where m divides $, let Sm,$ denote the
collection of subgroups of S1 × S1 which are isomorphic to Zm,$
Sm,$ =
{
H < S1 × S1 |H ∼= Zm,$
}
.
The group GL(2,Z) acts on Sm,$ by α ·H = α(H). For each H ∈ Sm,$, we pull back the
exact sequence e0 to obtain
eH : 1→ Z× Z i0−→λ−10 (H)
λ0−→H → 1.
Since λ−10 (H) is a torsion-free abelian group which contains a finite-index free abelian
subgroup of rank two, it is isomorphic to Z×Z. If β :λ−10 (H)→ Z×Z and γ :H → Zm,$
are isomorphisms then the exact sequence (1, β, γ ) · eH is an element of E(Z × Z,
Z×Z,Zm,$). Choosing different isomorphisms β and γ produces an element of E(Z×Z,
Z×Z,Zm,$) which is in the same orbit under the action of 1×GL(2,Z)×Aut(Zm,$). So
(1, β, γ ) · eH represents a unique element in E(Z×Z,Z×Z,Zm,$), which we will denote
by [eH ].
Lemma 3.1. The function H → [eH ] is a bijection from Sm,$ to E(Z× Z,Z × Z,Zm,$)
which is GL(2,Z)-equivariant.
Proof. Suppose
e : 1 → Z×Z i−→Z×Z λ−→Zm,$ → 1
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is an extension representing an element [e] ∈ E(Z × Z,Z × Z,Zm,$). Since Zm,$
has exponent $, there are elements (a1, b1) and (a2, b2) in Z × Z with ($,0) =
i(a1, b1) and (0, $) = i(a2, b2). Define a homomorphism γ :Z × Z→ R × R by taking
γ (1,0)= 1
$
(a1, b1) and γ (0,1)= 1$ (a2, b2). Observe that (a1, b1) and (a2, b2) are linearly
independent over Z since ($,0) and (0, $) are. This means that γ (1,0) and γ (0,1) are
linearly independent, and that γ is a monomorphism. It also follows that 〈(a1, b1), (a2, b2)〉
has finite index in Z × Z. Note that γ i(a1, b1) = γ ($,0) = (a1, b1) = i0(a1, b1) and
γ i(a2, b2) = γ (0, $) = i0(a2, b2). If (a, b) is any element of Z × Z then n(a, b) is in
〈(a1, b1), (a2, b2)〉 for some n, so
γ i(a, b)= 1
n
γ i
(
n(a, b)
)= 1
n
i0
(
n(a, b)
)= i0(a, b)
and it follows that γ i = i0 on Z× Z. We now define γˆ :Zm,$ → S1 × S1 by γˆ = λ0γ λ−1
(this is well defined by standard diagram chasing). Then (1, γ , γˆ ) is a monomorphism from
the exact sequence e into e0. The image of γˆ is a subgroup H of S1 × S1 which represents
an element of Sm,$. Observe that λ−10 (H)= im(γ ) and so eH = (1, γ , γˆ )e. Thus [eH ] = [e]
and this shows that the correspondence H → [eH ] is surjective.
Let H1 and H2 be elements of Sm,$ with [eH1] = [eH2]. This means that there is a short
exact sequence isomorphism (1, γ , γˆ ) with eH2 = (1, γ , γˆ )eH1 . For each (a, b) ∈ λ−10 (H1)
there is an integer n with n(a, b) ∈ im(i0) and nγ (a, b)= γ (n(a, b))= n(a, b). It follows
that γ (a, b) = (a, b), and that λ−10 (H2) = γ (λ−10 (H1)) = λ−10 (H1). Therefore H1 = H2,
and this shows that the correspondence H → [eH ] is injective.
Now suppose that α ∈ GL(2,Z) and H ∈ Sm,$. Then (α,α, α) is an exact sequence
isomorphism from eH onto eα(H) and
[eα·H ] = [eα(H)] =
[
(α,α, α)eH
]= α · [(1, α,α)eH ]= α · [eH ].
This shows that the correspondence is equivariant. ✷
The groupR of rotations in Isom(L) is identified with S1 × S1. So given H ∈ Sm,$, we
may choose a Zm,$-action ϕH :Zm,$ →R with ϕH (Zm,$)=H . Clearly ϕH has rotational
type and is unique up to I-equivalence. As defined following Lemma 0.1, the images of
G(p,q) and K(p,q) under the natural monomorphism from G(p,q) to GL(2,Z) are
respectively denoted by G∗(p, q) and K∗(p, q).
Theorem 3.2. Let L= L(p,q) where p > 2. The function H → ϕH induces bijections
Sm,$/K∗(p, q)→AI (L;Zm,$,Zm,$)
and
Sm,$/G∗(p, q)→A(L;Zm,$,Zm,$).
Proof. By Lemma 3.1 and Corollary 2.2, there are GL(2,Z)-equivariant bijections
Sm,$ → E(Z×Z,Z×Z,Zm,$)→AI (T ;Zm,$,Zm,$)
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under which H ∈ Sm,$ gets associated with [ϕH ] ∈ AI (T ;Zm,$,Zm,$). (To see this,
observe that T/ϕH = R × R/λ−10 (H) and that π1(T /ϕH ) = λ−10 (H).) Modding out by
K∗(p, q) and applying Theorem 1.6, we obtain bijections
Sm,$/K∗(p, q)→AI (T ;Zm,$,Zm,$)/K∗(p, q)←AI (L;Zm,$,Zm,$).
Under the last bijection, the element of AI (L;Zm,$,Zm,$) represented by ϕH gets
associated with the element of AI (T ;Zm,$,Zm,$)/K∗(p, q) represented by ϕH , so the
composite bijection is induced by the function H → ϕH . We also obtain bijections
Sm,$/G∗(p, q)→AI (T ;Zm,$,Zm,$)/G∗(p, q)→A(L;Zm,$,Zm,$)
by applying Theorem 1.6 again. ✷
Remark. If q = ±1 (mod p) then K∗(p, q) is trivial, and Theorem 3.2 gives a bijection be-
tween Sm,$ and AI (L;Zm,$,Zm,$). Likewise, if L(p,q) is non-symmetric then G∗(p, q)
is generated by − id which acts trivially on Sm,$, and there is a bijection between Sm,$ and
A(L;Zm,$,Zm,$).
Now we consider G-actions of dirotational type.
Lemma 3.3. Restricting actions from Dm,$ to Zm,$ defines a GL(2,Z)-equivariant
bijection Θ from AI (T ;Dm,$,Zm,$) to AI (T ;Zm,$,Zm,$).
Proof. Let ϕ be a Dm,$-action on T with ϕ(g)∗ = id for g ∈ Zm,$ and ϕ(g)∗ = − id for
g /∈ Zm,$. If f is a diffeomorphism of T then (µ(f )ϕ)(g)∗ equals id for g ∈ Zm,$ and − id
for g /∈ Zm,$. This implies that Θ is well-defined. Clearly it is GL(2,Z)-equivariant.
Let ψ be a Zm,$-action on T which induces the identity automorphism on H1(T ). By
Lemma 1.2, there is a diffeomorphism f from T/ψ to T , and the action ψ is a free
action. Since f−1τf induces − id on the fundamental group, the group of order two
which it generates lifts via the covering T → T/ψ to give a Dm,$-action ϕ on T which
determines an element of AI (T ;Dm,$,Zm,$). We have Θ[ϕ] = [ψ], and this shows that Θ
is surjective.
Suppose ϕ1 and ϕ2 are two Dm,$-actions on T whose respective restrictions ψ1 and
ψ2 to Zm,$ are I-equivalent. Conjugating by a diffeomorphism isotopic to the identity, we
may assume that ψ1 and ψ2 have the same image in Diff(T ), and therefore T/ψ1 = T/ψ2.
As shown above, this quotient space must be a torus. The orientation preserving actions
ϕ1 and ϕ2 induce involutions f1 and f2 which have isolated fixed points on this quotient
torus. Thus f1 and f2 are conjugate to the involution τ . Let k be a diffeomorphism such
that kf1k−1 = τ . There exists an affine diffeomorphism j of T , which commutes with the
affine involution τ , with k∗ = j∗. Therefore (j−1k)f1(k−1j) equals τ and j−1k is isotopic
to the identity. Similarly f2 is equivalent to τ and so there is a diffeomorphism h isotopic
to the identity with f1 = hf2h−1. Lifting h to T gives a diffeomorphism isotopic to the
identity which conjugates ϕ1 to ϕ2. This shows that Θ is injective. ✷
Theorem 3.4. Restricting actions from Dm,$ to the index two subgroup Zm,$ induces
bijections from AI (L;Dm,$,Zm,$) to AI (L;Zm,$,Zm,$), and from A(L;Dm,$,Zm,$) to
A(L;Zm,$,Zm,$).
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Proof. There are three bijections
AI (L;Zm,$,Zm,$) AI (T ;Zm,$,Zm,$)/K∗(p, q)
AI (L;Dm,$,Zm,$) AI (T ;Dm,$,Zm,$)/K∗(p, q)
where the horizontal maps are provided by Theorem 1.6 and the vertical one comes from
Lemma 3.3. Using the GL(2,Z)-equivariance of the vertical bijection and Theorem 1.6,
we also have bijections
A(L;Zm,$,Zm,$) AI (T ;Zm,$,Zm,$)/G∗(p, q)
A(L;Dm,$,Zm,$) AI (T ;Dm,$,Zm,$)/G∗(p, q) ✷
Next we address the geometrization and rigidity conjectures forG-actions which respect
a Heegaard decomposition.
Theorem 3.5. Let L= L(p,q) where p > 2.
(a) An action on L has rotational type if and only if it is I-equivalent to an action whose
image is contained in R.
(b) An action on L has dirotational type if and only if it is I-equivalent to an action whose
image is contained in 〈R, τ 〉 but not in R.
Proof. If ϕ is a Zm,$-action on L with rotational type then ϕ is I-equivalent to ϕH for some
H ∈ Sm,$ by Theorem 3.2. By definition the image of ϕH is contained in R. Conversely, a
Zm,$-action whose image is in R coincides with ϕH for some H ∈ Sm,$ and has rotational
type. This proves (a).
If ϕ is a Dm,$-action with dirotational type then the restriction of ϕ to Zm,$ is
I-equivalent to ϕH for some H ∈ Sm,$, and ϕ is I-equivalent to an action ϕ′H whose image
is 〈H,τ 〉 by Theorem 3.4. Conversely, a Dm,$-action with image in 〈R, τ 〉 but not in R
coincides with the action generated by ϕH (Zm,$) and τ for some H ∈ Sm,$. ✷
Since 〈R, τ 〉 is contained in the group of isometries of L, an immediate consequence
of Theorem 3.5 is that an action which respects a Heegaard decomposition is I-equivalent
to an isometric action. Notice that the key ingredient in the proof of Theorem 3.5 is the
surjectivity of the bijection in Theorem 3.2. The rigidity conjecture for actions which
respect a Heegaard decomposition is a consequence of the injectivity of that bijection:
Theorem 3.6. LetL= L(p,q) where p > 2. Two actions onL whose images are contained
in 〈R, τ 〉 are equivalent if and only if their images are conjugate in Isom(L).
Proof. The isomorphism G∗(p, q) → H(L,T ) determines an action of G∗(p, q) on
Sm,$. This action can be described as conjugation of G∗(p, q) on the elements of Sm,$
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(which are subgroups of Isom(L)). Theorem 3.2 can then be interpreted as identifying
Sm,$/G∗(p, q) with A(L;Zm,$,Zm,$). Thus, if two Zm,$ subgroups of R are conjugate in
Diff(L) then they are conjugate in Isom(L). More generally, two finite subgroups of 〈R, τ 〉
are conjugate in Diff(L) if and only if they are conjugate in Isom(L). ✷
4. Enumerating finite extensions of Z×Z
In this section we examine the sets of extensions E(Z × Z,Z × Z,G) and E(Z × Z,
Z × Z,G). For convenience, these sets will be denoted by E(G) and E(G) respectively.
Thus E(G) is the set of all short exact sequences e= (i, λ) of the form
e : 1 → Z×Z i−→Z×Z λ−→G→ 1,
and E(G) is the set of orbits of E(G) under the action of 1 × GL(2,Z) × Aut(G). The
action of GL(2,Z) on E(G) given by α · [e] = [(α,1,1) · e] where [e] is the element of
E(G) corresponding to e ∈ E(G). The goal is to enumerate the sets of orbits of E(G) under
the action of the subgroups K∗(p, q) and G∗(p, q) of GL(2,Z). The main step in this
enumeration will be to show that E(G) has cardinality ∆( $
m
) where ∆ is the Dedekind
arithmetic function.
We start by reducing the problem to the case where $ and m are powers of a common
prime. Let ρ1, . . . , ρs be the prime divisors of $, and write Gj for the ρj -Sylow subgroup
of G. Thus G ∼=∏sj=1Gj , and Gj ∼= Zmj × Z$j where mj = ρMjj and $j = ρLjj are the
ρj parts of m and $, respectively. If e ∈ E(G) then its orbit in E(G) will be denoted by [e].
Proposition 4.1. There is a GL(2,Z)-equivariant bijectionΘ :E(G)→∏sj=1 E(Gj ) given
by Θ[e] = ([e1], . . . , [es]) where ej is obtained from e as indicated in the diagram.
e : 1 Z× Z i Z×Z λ G 1
1 Z× Z λ−1(Gj )
⊂
Gj
⊂
1
ej : 1 Z× Z Z×Z
∼=
Gj 1
Proof. Since λ−1(Gj ) is a subgroup of Z× Z which contains a rank 2 subgroup, it must
be isomorphic to Z×Z. The choice of isomorphism Z×Z→ λ−1(Gj ) is arbitrary but the
orbit [ej ] is clearly independent of this choice. Thus Θ is well-defined. It is also GL(2,Z)-
equivariant.
Now suppose that we are given exact sequences
ej : 1→ Z×Z ij−→Z×Z λj−→Gj → 1
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for j = 1, . . . , s. Let E1 =∏sj=1Z×Z, and let E0 be the subgroup of E1 generated by the
set {
(0, . . . ,0, ij (x),0, . . . ,0,−ik(x),0, . . . ,0) | x ∈ Z×Z and 1 j < k  s
}
.
Define E to be the quotient E1/E0. Elements of E will be written in the form [y1, . . . , ys]
where y1, . . . , ys ∈ Z×Z. There are homomorphisms i ′ :Z×Z→E and λ′ :E→G given
by
i ′(x)= [i1(x),0, . . . ,0]
for x ∈ Z×Z, and
λ′[y1, . . . , ys] = λ1(y1) · · ·λs(ys)
for [y1, . . . , ys] ∈ E. (We are using multiplicative notation in the group G =∏Gj , and
additive notation in Z× Z and E.) Observe that, for x1, . . . , xs ∈ Z×Z,[
i1(x1), . . . , is(xs)
] = [i1( s∑
j=1
xj
)
,0, . . . ,0
]
=
[
0, . . . ,0, ik
(
s∑
j=1
xj
)
,0, . . . ,0
]
.
It follows that im(i ′) = ∏sj=1 im(ij )/E0, and that [i1(x1), . . . , is(xs)] → ∑xj is the
inverse of i ′ :Z × Z→ im(i ′). Also, an element [y1, . . . , ys] is in the kernel of λ′ if and
only if yj ∈ ker(λj ) = im(ij ) for each j . Thus ker(λ′) = im(i ′), and we have an exact
sequence:
e′ : 1 → Z×Z i′−→E λ′−→G→ 1.
Let y = [y1, . . . , ys] be in E and suppose that ρky = 0, for one of the primes ρk . Then
λ′(y)=∏λj (yj ) has order dividing ρk so that yj ∈ ker(λj )= im(ij ) for j = k. We also
have ρkyk ∈ ker(λk) = im(λk). Choose elements x1, . . . , xs in Z × Z so that ij (xj ) = yj
for j = k and so that ik(xk)= ρkyk . Then
0 = ρky = [ρky1, . . . , ρkys] =
[
ρki1(x1), . . . , ik(xk), . . . , ρkis(xs)
]
=
[
0, . . . , ik(xk)+
∑
j =k
ρkik(xj ), . . . ,0
]
= i ′
(
xk + ρk
∑
j =k
xj
)
.
Since i ′ is injective,
0 = ik
(
xk + ρk
∑
j =k
xj
)
= ρk
(
yk +
∑
j =k
ik(xj )
)
and thus yk +∑j =k ik(xj ) = 0 as it is an element of the torsion-free group Z × Z.
We conclude that y = [i1(x1), . . . ,−∑j =k ik(xj ), . . . , is(xs)] = 0. If E has a nontrivial
element of finite order, then it has an element y of order ρk for some k = 1, . . . , s and, by
the above, y must be trivial. This shows that E is torsion-free. Since it contains a Z× Z
subgroup of finite index, E can be identified with Z× Z.
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We have now constructed a function (e1, . . . , es) → [e′]. This induces a function from∏s
j=1 E(Gj ) to E(G) which is the inverse of Θ; the key here is that if two extensions
in E(G) agree over each Gj then they are the same extension. Thus Θ is a bijection as
claimed. ✷
Because of Proposition 4.1 we may focus exclusively on the case where G= Zm,$ is a
ρ-group for some prime ρ. Accordingly, we assume that $ and m are powers of ρ.
An element ξ ∈ Z × Z is said to be primitive provided that whenever k is a positive
integer and ω is an element of Z × Z with ξ = kω then k = 1. Equivalently an element
is primitive if and only if it is part of a basis of Z × Z, where a basis is a two-element
generating set for Z× Z. We say that ω ∈ Z× Z has divisibility k if it equals kξ for some
primitive element ξ . The positive integer k is uniquely determined by ω; it equals the
greatest common divisor of the coordinates of ω with respect to any basis of Z×Z. If ξ is
primitive in Z× Z then we define
Ek(ξ)=
{
(i, λ) ∈ E(G) | i(ξ) has divisibility k in Z×Z}.
We have that (α,β, γ )Ek(ξ)= Ek(αξ), and therefore 1×GL(2,Z)×Aut(G) leaves Ek(ξ)
invariant for each k. The space of orbits of Ek(ξ) under the action of 1×GL(2,Z)×Aut(G)
is denoted by Ek(ξ).
Lemma 4.2. Let e = (i, λ) ∈ E(G) and let ξ and ω be primitive elements of Z × Z with
i(ξ)= kω. Then λ(ω) has order k in G, and k is an intermediate divisor between m and $.
Proof. Suppose that λ(ω)r = 1. Then rω ∈ kerλ= im i . Write rω = i(τ ) for τ ∈ Z× Z.
Then
i(kτ )= krω= i(rξ),
and injectivity of i implies that kτ = rξ . Thus kτ is r-primitive and hence k divides r .
Since λ(ω)k = λ(kω)= 1 it follows that the order of λ(ω) equals k. In particular, k must
divide the exponent of G which equals $. In addition, λ(ω) is one element of a two-element
generating set for G∼= Zm,$ and as such its order k must be divisible by m (project G onto
Zm ×Zm, each element in a two-element generating set in the quotient must have order
m). ✷
By Lemma 4.2 we may write
E(G)=
∐
{k: m|k|$}
Ek(ξ)
and
E(G)=
∐
{k: m|k|$}
Ek(ξ).
Lemma 4.3. If e1 and e2 are elements of E(G) with e1 = (i, λ1) and e2 = (i, λ2) then
[e1] = [e2].
40 J. Kalliongis, A. Miller / Topology and its Applications 130 (2003) 19–55
Proof. Let γ = λ2λ−1 :G→G. This function is well-defined since kerλ1 = im i = kerλ2,1
γ ∈ Aut(G). Then (1,1, γ )e1 = (i, γ λ1)= (i, λ2)= e2. ✷
Lemma 4.4. Suppose m and $ are powers of a prime ρ. Let {ξ1, ξ2} be a basis for
Z× Z. Then each element of Ek(ξ1) can be represented by an exact sequence of the form
ek,c = (ik,c, λk,c), for 0 c < $k , where
ik,c(ξ1)= kξ1,
ik,c(ξ2)= cmξ1 + ml
k
ξ2
and c is relatively prime to ρ whenever m< k < $.
Proof. Let [e] = [i, λ] be an element of Ek(ξ1). Then i(ξ1) = kω1 for some primitive
element ω1. Let β1 be an automorphism of Z×Z which takes ω1 to ξ1. Then β1i(ξ1)= kξ1
and β1i(ξ2) = Sξ1 + T ξ2 for some integers S and T . Let β2 be the automorphism of
Z × Z fixing ξ1 and taking ξ2 to rξ1 + εξ2 where r is an integer and ε is ±1. Then
β2β1i(ξ1) = kξ1 and β2β1i(ξ2) = sξ1 + tξ2 where s = S + T r and t = εT . Thus, after
replacing the representative e with (1, β2β1,1)e and choosing r and ε appropriately, we
may assume that i(ξ1)= kξ1 and that i(ξ2)= sξ1 + tξ2 where t is positive and 0 s < t .
We have
Z×Z/〈ξ1〉 im i = 〈a1, a2 | ka1 = sa1 + ta2 = 0, a1 = 0〉 ∼= Zt
and
Z×Z/〈ξ1〉 im i = Z× Z/〈ξ1〉kerλ∼=G/
〈
λ(ξ1)
〉
.
By Lemma 4.2, λ(ξ1) has order k in G. Therefore t = |G/〈λ(ξ1)〉| = m$k . We also have
Z×Z/〈ξ2〉 im i = 〈a1, a2 | ka1 = sa1 + ta2 = 0, a2 = 0〉 ∼= Z(k,s)
where (k, s) denotes the greatest common divisor of k and s, and
Z×Z/〈ξ2〉 im i = Z× Z/〈ξ2〉kerλ∼=G/
〈
λ(ξ2)
〉
.
Since λ(ξ2) has order dividing $, the order of the group G/〈λ(ξ2)〉 is divisible by m. So
(k, s) is divisible by m and, since m divides k, we may write s = cm for some integer c
with 0 c < t
m
= $
k
. The element λ(ξ1) has order k, and one of λ(ξ1) and λ(ξ2) must have
order $ since these two elements generate G ∼= Zm,$. If m< k < $ then it must be λ(ξ2)
that has order $. Thus (k, cm) = |G/〈λ(ξ2)〉| = m, and so (c,m) = 1 since m < k. This
shows that (c, ρ)= 1 when m< k < $, and completes the proof. ✷
Theorem 4.5. Suppose m, k and $ are powers of a prime ρ with m k  $. Let {ξ1, ξ2} be
a basis for Z×Z. Then the cardinality of Ek(ξ1) is
∣∣Ek(ξ1)∣∣=

$
k
if k =m< $,
φ
(
$
k
)
if m< k  $.
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Proof. We consider three cases.
Case 1: k = $. Define a homomorphism λk,0 :Z× Z→ Zm,$ =G by
λk,0(uξ1 + vξ2)= (v,u).
One immediately checks that ek,0 = (ik,0, λk,0) is an element of Ek(ξ1), and so, by
Lemma 4.4, every element of Ek(ξ1) is in the orbit of ek,0. This shows that |Ek(ξ1)| =
1 = φ( $
k
) as claimed.
Case 2: m< k < $. Let c be a positive integer relatively prime to ρ and with 0< c < $
k
.
Define λk,c :Z×Z→ Zm,$ =G by
λk,c(uξ1 + vξ2)=
(
u,−c¯ $
k
u+ v
)
where c¯ is chosen between 0 and k
m
so that c¯c = 1 (mod k
m
). It is straightforward to show
that ek,c = (ik,c, λk,c) is an element of Ek(ξ1).
Let c and c′ be positive integers relatively prime to ρ with 0 < c, c′ < $
k
. Suppose that
ek,c and ek,c′ are in the same 1×GL(2,Z)×Aut(G) orbit. Then there is β ∈GL(2,Z) so
that βik,c = ik,c′ . Since ik,c(ξ1)= ik,c′(ξ1)= kξ1, we see that β must fix ξ1. Suppose that
β(ξ2)= rξ1 + εξ2. We have
c′mξ1 + m$
k
ξ2 = ik,c′(ξ2)= βik,c(ξ2)=
(
c+ r $
k
)
mξ1 + εm$
k
ξ2
from which it follows that c′ = c. This shows that the set{
ek,c | (c, ρ)= 1 and 0 < c < $
k
}
forms a complete and irredundant set of representatives for the orbits of Ek(ξ1). We
conclude that |Ek(ξ1)| = φ( $k ) as claimed.
Case 3: m = k < $. Let c be a positive integer with 0  c < $
k
. Define λk,c :Z× Z→
Zm,$ =G by
λk,c(uξ1 + vξ2)= (u, v).
Again, it is straightforward to show that ek,c = (ik,c, λk,c) is an element of Ek(ξ1).
Let c and c′ be positive integers with 0 c, c′ < $
k
. Suppose that ek,c and ek,c′ are in the
same 1×GL(2,Z)×Aut(G) orbit. Then there is β ∈ GL(2,Z) so that βik,c = ik,c′ . Since
ik,c(ξ1)= ik,c′(ξ1) = kξ1, we see that β must fix ξ1. Suppose that β(ξ2)= rξ1 + εξ2. We
have
c′mξ1 + m$
k
ξ2 = ik,c′(ξ2)= βik,c(ξ2)=
(
c+ r $
k
)
mξ1 + εm$
k
ξ2
from which it follows that c′ = c. This shows that the set{
ek,c | 0 c < $
k
}
forms a complete and irredundant set of representatives for the orbits of Ek(ξ1). We
conclude that |Ek(ξ1)| = $k as claimed. ✷
In the proof of the theorem we have obtained the following.
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Corollary 4.6. Let m, k and $ be powers of a prime ρ with m k  $. Let {ξ1, ξ2} be any
basis for Z× Z. Then we can choose as representatives of E(G) the set
F = {ek,c = (ik,c, λk,c) | c ∈ Z $
k
and (c, ρ)= 1 when k =m}
where ik,c is defined in Lemma 4.4.
An arithmetic multiplicative function is a function f :Z+ → C for which f (ab) =
f (a)f (b) whenever a and b are relatively prime. The Dedekind function is the arithmetic
function ∆ :Z+→ Z+ defined by
∆(n)= n
∏
p
(
1+ 1
p
)
where the product is taken over all prime divisors p of n. There is a relation between ∆
and Euler’s totient function φ. When n is a power of a prime ρ
∆(n)= n
(
1+ 1
ρ
)
= 2n− n
(
1− 1
ρ
)
= 2n− φ(n).
Theorem 4.7. Let G= Zm,$ where m divides $. Then |E(G)| =∆( $m).
Proof. When m and $ are powers of a prime we have from Theorem 4.5∣∣E(G)∣∣ = ∑
m|k|$
∣∣Ek(ξ1)∣∣= $
m
− φ
(
$
m
)
+
∑
m|k|$
φ
(
$
k
)
= $
m
− φ
(
$
m
)
+
∑
d | $m
φ(d)= $
m
− φ
(
$
m
)
+ $
m
= 2 $
m
− φ
(
$
m
)
=∆
(
$
m
)
.
The general case, where m and $ are not powers of a prime, follows from Proposition 4.1
using multiplicativity of the Dedekind function.∣∣E(G)∣∣=∏∣∣E(Gj )∣∣=∏∆( $j
mj
)
=∆
(∏ $j
mj
)
=∆
(
$
m
)
. ✷
We have now completed the enumeration of E(G) and will next consider the actions of
K∗(p, q) and G∗(p, q) on E(G).
Lemma 4.8. The automorphism τ∗ acts trivially on E(G).
Proof. Since τ∗ = −
[
1 0
0 1
]
we have τ∗[i, λ] = [iτ−1∗ , λ] = [iτ∗, λ] = [τ∗i, λ] = [i, λ]. ✷
It follows that the G∗(p, q)-action on E(G) factors through G∗(p, q)/〈τ∗〉 and the
K∗(p, q)-action factors through K∗(p, q)〈τ∗〉/〈τ∗〉. When q = ±1 (mod p), K∗(p, q) is
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trivial. Otherwise K∗(p, q)〈τ∗〉/〈τ∗〉 is cyclic of order two, generated by σ+∗. Recall that
σ+ is defined when q2 = 1 (mod p) by taking the attaching matrix for the lens space to be
A= [ −q ps q ] where s = (1− q2)/p. With respect to the standard basis on π1(T )= Z× Z,
one has σ+∗ =A. The next result describes the action of σ+∗ on E(G).
Lemma 4.9. Suppose that q2 = 1 (mod p) where p > 2, and $ is a power of a prime ρ.
(a) If p and s = (1 − q2)/p are both even then there is a basis {ξ1, ξ2} for Z × Z such
that σ+∗(ξ1)= ξ1 and σ+∗(ξ2)=−ξ2. With respect to this basis, for each ek,c ∈F we
have
σ+∗[ek,c] = [ek,−c].
(b) If one of p or s = (1 − q2)/p are odd then there is a basis {ξ1, ξ2} such that
σ+∗(ξ1)= ξ2 and σ+∗(ξ2)= ξ1. With respect to this basis, for each ek,c ∈F we have
σ+∗[ek,c] = [ek′,c′ ]
where k′ = m(c, $/k), y c
(c,$/k)
= 1 ∈ Z m$
kk′
and c′ = k
m
y . (To include the case where
c= 0 we use the convention that (0, a)= a.)
Proof. The matrix A has determinant −1 and satisfies A2 = I . Therefore it is conjugate in
GL(2,Z) to either
[
1 0
0 −1
]
or
[ 0 1
1 0
] (cf. [9, Chapter 3]). A simple calculation shows that a
matrix conjugate to [ 1 00 −1 ] has even off-diagonal entries p and s, while one conjugate
to
[ 0 1
1 0
]
must have one of p or s being odd. Therefore we may find a basis {ξ1, ξ2}
as indicated in parts (a) and (b) of the lemma. It remains to describe the action of
σ+∗ on E(G). For [ek,c] ∈ E(G) we write [ek′,c′ ] = σ+∗[ek,c]. By definition, σ+∗ek,c =
σ+∗(ik,c, λk,c)= (ik,cσ+∗, λk,c). To determine k′ and c′ we use the procedure given in the
proof of Lemma 4.4.
For case (a), we have
ik,cσ+∗(ξ1)= ik,c(ξ1)= kξ1 and
ik,cσ+∗(ξ2)= ik,c(−ξ2)=−cmξ1 − m$
k
ξ2.
This shows that k′ = k. By composing with the automorphism β2 which fixes ξ1 and takes
ξ2 to −ξ2, we see that c′m=−cm.
For case (b), we have ik,cσ+∗(ξ1)= cmξ1 +
m$
k
ξ2 and
ik,cσ+∗(ξ2)= kξ1.
Since ik,cσ+∗(ξ1) is k′-primitive, it follows that k′ = (cm, m$k ) = m(c, $k ). (If c = 0 then
k′ = m$
k
=m(0, $
k
) by convention.) There are integers x and y satisfying cm
k′ y − m$kk′ x = 1.
(If c = 0 then the integers cm
k′ and
m$
kk′ are relatively prime. If c = 0 then m$kk′ = 1 so
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we choose x = −1 and y = 0.) Moreover, x and y are unique when it is required that
0 y < m$
kk′ . There is an automorphism β1 of Z×Z given by
β1(ξ1)= yξ1 + m$
kk′ ξ2 and
β1(ξ2)=−xξ1 − cm
k′
ξ2.
Composing with ik,cσ+∗ gives
β1ik,cσ+∗(ξ1)= k′ξ1 and
β1ik,cσ+∗(ξ2)= ykξ1 + m$
k′ ξ2.
From this we read off that c′m= ky , and part (b) follows. ✷
From Lemma 4.9 we can determine the number F+ of fixed points that the involution
σ+∗ has acting on E(G). Let q2 = 1 (mod p) and s = (1− q2)/p. We first suppose that $
is a power of a prime ρ.
Case 1: p and s are even Lemma 4.9(a) implies that [ek,c] is fixed by σ+∗ if and only if
2c= 0 ∈ Z $
k
. To analyze this we consider three possibilities.
(i) If k = $ then the set Ek(ξ1) has one element [e$,0] and it is fixed by σ+∗.
(ii) If m < k < $ then c must be a unit by Corollary 4.6. It follows that 2 = 0 (mod $
k
),
and so σ+∗ has a fixed point if and only if $k = 2 and c = 1 (in particular, ρ = 2).
Again in this case Ek(ξ1) has only one element by Theorem 4.5.
(iii) If m= k < $ then we have either c= 0, or c = $2k (in the latter case ρ must equal 2).
So there is one fixed point if ρ > 2, and two fixed points if ρ = 2.
Thus in case 1 we have
F+ =

1 if $=m,
2 if m< $ and ρ = 2,
3 if
$
m
= 2,
4 if
$
m
 4 and ρ = 2.
Case 2: p or s is odd In this case, if [ek,c] is fixed by σ+∗ then k must equal k′ =m(c, $k ).
(i) If k = $ then m= k = $ and E(G) has one element which is of course fixed by σ+∗.
(ii) If m< k < $ then (c, $
k
)= 1 and so k′ =m = k.
(iii) If k = m < $ then (c, $
k
) must equal 1, which implies that (c, ρ) = 1. In this case
c′ = y = c−1. Thus [ek,c] is fixed if c = c−1 in Z $
m
, so the number of fixed points
coincides with the number of elements of order 2 in Z∗$
m
. Now Z∗$
m
is cyclic if ρ is odd
or $
m
 4. Otherwise, if $
m
is a power of 2 larger than 4, then Z∗$
m
∼= Z2 ×Z $
4m
.
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Thus in case 2 we haveF+ =

1 if
$
m
 2,
2 if m< $ and ρ = 2, or $
m
= 4,
4 if
$
m
 8 and ρ = 2.
Now suppose that $ is not a power of a prime. By Proposition 4.1 the number of fixed
points of σ+∗ on E(G) is the product of the number of fixed points on the E(Gj )’s. Writing
n= $/m, an analysis of the two cases above shows that this product equals 2tF (n) where
t is the number of odd prime divisors of n and
F(n)=

1 if n is odd, or, if n= 2 (mod 4) and either p or (1− q2)/p is odd
2 if n= 4 (mod 8) and either p or (1− q2)/p is odd
3 if n= 2 (mod 4) and p and (1− q2)/p are even
4 if n= 0 (mod 8), or, if n= 4 (mod 8) and p and (1− q2)/p are even.
Theorem 4.10. Let G= Zm,$ where m divides $, and suppose that p is larger than 2. The
number of orbits in E(G) under the action of K∗(p, q)×GL(2,Z)×Aut(G) is Np,q($/m)
where
(a) If q = ±1 (mod p) then Np,q(n)=∆(n).
(b) If q =±1 (mod p) then Np,q(n) = 12 (∆(n)+ 2tF (n)) where t is the number of odd
prime divisors of n.
Proof. When q = ±1 (mod p), K∗(p, q) acts trivially on E(G) and the result follows
from Theorem 4.7. Otherwise, K∗(p, q)〈τ∗〉/〈τ∗〉 is generated by σ+∗. Since σ+∗ is an
involution, the number of orbits in its action on E(G) is
1
2
(|E(G)| − 2tF (n))+ 2tF (n)= 1
2
(|E(G)| + 2tF (n)),
where n= $/m, and the result follows from Theorem 4.7. ✷
To complete the description of the action of G∗(p, q) on E(G) it remains to consider
σ−∗. Recall that σ− is defined when q2 =−1 (mod p) by taking the attaching matrix for
the lens space L(p,q) to be A= [ q ps q ]. The induced homomorphism on π1(T )= Z× Z
is σ−∗ =
[
q p
−s −q
]
.
Lemma 4.11. Suppose that q2 = −1 (mod p) where p > 2. There is a basis {ξ1, ξ2} for
Z × Z such that σ−∗(ξ1) = ξ2 and σ−∗(ξ2) = −ξ1. With respect to this basis, for each
ek,c ∈ F we have σ−∗[ek,c] = [ek′,−c′ ] where k′ = m(c, $/k), y c(c,$/k) = 1 ∈ Z m$
kk′
and
c′ = − k
m
y . (To deal with the case where c= 0 we use the convention that (0, a)= a.)
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Proof. The matrix B = [ q p−s −q ] has determinant 1 and satisfies B2 + I = 0. It follows that
B is conjugate in GL(2,Z) to the matrix [ 0 −11 0 ] [9]. We have ik,cσ−∗(ξ1)= cmξ1 +
m$
k
ξ2 and
ik,cσ−∗(ξ2)=−kξ1.
Since ik,cσ−∗(ξ1) is k′-primitive, it follows that k′ =m(c, $k ). (If c = 0 then k′ =m(0, $k )
by convention.) Choose integers x and y satisfying cm
k′ y − m$kk′ x = 1 and 0  y < m$kk′ . (If
c= 0 then y = 0.) There is an automorphism β1 given by
β1(ξ1)= yξ1 − m$
kk′
ξ2 and
β1(ξ2)=−xξ1 + cm
k′
ξ2.
Composing with ik,cσ−∗ gives
β1ik,cσ−∗(ξ1)= k′ξ1 and
β1ik,cσ−∗(ξ2)=−ykξ1 + m$
k′
ξ2.
From this we read off that c′m=−ky , and the lemma follows. ✷
From Lemma 4.11 we can find the number F− of fixed points of σ−∗. Let q2 =
−1 (mod p), and assume that $ is a power of a prime ρ. If [ek,c] is fixed by σ−∗ then
k = k′ =m(c, $
k
).
(i) If k = $ then m= k = $ and E(G) has one element and it is fixed by σ−∗.
(ii) If m< k < $ then k′ =m(c, $
k
)=m = k and so [ek,c] cannot be fixed by σ−∗.
(iii) If k = m < $ then (c, $
k
) must equal 1, which implies that (c, ρ) = 1. In this case
c′ = −y = −c−1. Thus [ek,c] is fixed if c = −c−1 in Z $
m
, so the number of fixed
points coincides with the number of square roots of −1 in Z∗$
m
.
Thus, the number F− is given by
F− =

0 if
$
m
> 2 and ρ = 1 (mod 4),
1 if
$
m
 2,
2 if ρ = 1 (mod 4).
Now suppose that $ is not a power of a prime. By Proposition 4.1 the number of fixed
points of σ−∗ on E(G) is the product of the number of fixed points on the E(Gj )’s. Writing
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n = $/m, the above shows that this product equals 2tE(n) where t is the number of odd
prime divisors of n and
E(n)=

0 if n has an odd prime divisor which
is not congruent to 1 (mod 4), or, if n= 0 (mod 4),
1 if n = 0 (mod 4) and each prime divisor of n
is congruent to 1 (mod 4).
Theorem 4.12. Let G = Zm,$ where m divides $, and suppose that p > 2. The number
of orbits in E(G) under the action of G∗(p, q)× GL(2,Z)× Aut(G) equals Mp,q($/m)
where:
(a) If q2 = ±1 (mod p) then Mp,q(n)=∆(n).
(b) If q2 = 1 (mod p) then Mp,q(n) = 12 (∆(n)+ 2tF (n)) where t is the number of odd
prime divisors of n and where F(n) is as defined prior to Theorem 4.10.
(c) If q2 =−1 (mod p) then Mp,q(n)= 12 (∆(n)+ 2tE(n)) where t is the number of odd
prime divisors of n and E(n) is as defined above.
Proof. G∗(p, q)/〈τ∗〉 is trivial if q2 = ±1 (mod p), generated by σ+∗ if q2 = 1 (mod p),
and generated by σ−∗ if q2 = −1 (mod p). The result follows as in the proof of Theo-
rem 4.10. ✷
5. Enumerating actions
In this section we assemble the results from previous sections to enumerate group
actions which respect a Heegaard decomposition on L = L(p,q). The basic result is
obtained by combining Theorems 1.6, 2.2, 3.4, 4.10 and 4.12 (the numbers Np,q($/m)
and Mp,q($/m) are defined in Theorems 4.10 and 4.12, respectively):
Theorem 5.1. LetL= L(p,q) where p > 2, and letm and $ be integers where m divides $.
(a) The sets AI (L;Dm,$,Zm,$) andAI (L;Zm,$,Zm,$) each have cardinality Np,q($/m).
(b) The sets A(L;Dm,$,Zm,$) and A(L;Zm,$,Zm,$) each have cardinality Mp,q($/m).
SinceAI (L;Zm,$,Zm,$) is the set of I-equivalence classes of Zm,$-actions of rotational
type on L and Np,q(1) = 1, one consequence of Theorem 5.1 is that there is only one
I-equivalence class of Z$,$-action on L with rotational type, for each positive integer
$ . Every Zm,$ subgroup of R = S1 × S1 is contained in the unique Z$,$ subgroup
of R. Thus any two Zm,$-actions of rotational type embed in Z$,$-actions which are
I-equivalent. Another interesting consequence of Theorem 5.1 is that there are exactly the
same number of I-equivalence classes of Zm,$-actions of rotational type on L as there
are I-equivalence classes of Z$/m-actions of rotational type. A direct description of this
correspondence can be given as follows. A Zm,$-action of rotational type on L induces an
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action ofZm,$/Zm,m ∼= Z$/m on the orbifoldL/Zm,m. The underlying manifold ofL/Zm,m
is naturally identified with L and the induced action has rotational type.
We are now in position to enumerate the G-actions on L which respect a Heegaard
decomposition. By Theorem 1.1 there are no such actions unless G is isomorphic to Zm,$
or Dm,$. When G is isomorphic to Zm,$ or Dm,$ we have:
Theorem 5.2. Let L = L(p,q) where p > 2, and let G be isomorphic to Zm,$ or Dm,$
where m divides $. The number of equivalence classes of G-actions on L which respect a
Heegaard decomposition equals 1+Mp,q(2) when G is isomorphic to Z2 or Z2 ×Z2, and
equals Mp,q($/m) in all other cases.
Proof. Consider first the case where G= Zm,$ and G is not isomorphic to Z2 or Z2 ×Z2.
Then G is not a generalized dihedral group (for example, it contains a central element with
order larger than two), and so any G-action on L which respects a Heegaard decomposition
must have rotational type by Theorem 1.1. ThusA(L;Zm,$,Zm,$) is the set of equivalence
classes ofG-actions which respect a Heegaard decomposition onL, and this has cardinality
Mp,q($/m) by Theorem 5.1.
Next suppose that G= Dm,$ and G is not isomorphic to Z2 or Z2 × Z2. Then G is not
isomorphic to Zm′,$′ for any m′ and $′, and any G-action ϕ which respects a Heegaard
decomposition must have dirotational type. By the comments following Theorem 1.1,
A(L;Dm,$,Zm,$) is the set of equivalence classes of G-actions which respect a Heegaard
decomposition on L, and this set has cardinality Mp,q($/m) by Theorem 5.1.
The group Z2 is isomorphic to both Z1,2 and D1,1. The set of equivalence classes
of Z2-actions which respect a Heegaard decomposition on L is partitioned into two
subsets A(L;D1,1,1) and A(L;Z1,2,Z1,2), and so has cardinality Mp,q(1)+Mp,q(2)=
1+Mp,q(2).
The group Z2 × Z2 can be described as D1,2 or Z2,2. Thus the collection of
equivalence classes of Z2 × Z2-actions which respect a Heegaard decomposition on L
is A(L;D1,2,Z1,2)∪A(L;Z2,2,Z2,2) which has cardinality Mp,q(2)+ 1. ✷
There is a similar enumeration for the I-equivalence classes of G-actions which respect
a Heegaard decomposition obtained by simply replacing Mp,q($/m) by Np,q($/m) in
Theorem 5.2. We also note that Mp,q(2) = 3 when L is a lens space of type (a), (c) or
(e) and Mp,q(2) = 2 when L has type (b), (d) or (f)—and this represents the number of
equivalence classes of involutions of rotational type on L.
In the remainder of this section we will rephrase Theorem 5.2 into the context of the
classification problem for geometric actions on L, where an action is geometric provided
that it is equivalent to an action whose image is contained in Isom(L). (The geometriza-
tion conjecture asserts that every G-action on L should be geometric.) The conclusions
take somewhat different forms depending on the type of the lens space. The most far-
reaching statement, given in Theorem 5.3, occurs for non-symmetric (or type (a)) lens
spaces—where q2 = ±1 (mod p). Lens spaces of type (b)—where q2 =−1 (mod p)—are
considered in Theorems 5.4 and 5.5. And Theorem 5.6 pertains to lens spaces of types (c),
(d), (e) and (f)—where q2 = 1 (mod p).
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Theorem 5.3. Let G be a finite group which acts geometrically on a non-symmetric lens
space L(p,q). Then the action has rotational or dirotational type, and G∼= Zm,$ or Dm,$
for some m and $. The number of equivalence classes of geometric G-actions on L(p,q)
is four if G is isomorphic to Z2 or Z2 × Z2, and ∆( $m) in all other cases.
Proof. Let ϕ be a geometric G-action on L = L(p,q) where q2 = ±1 (mod p). Then
ϕ leaves a Heegaard torus invariant by [5, Lemma 4.7] and preserves its sides, since no
diffeomorphism can interchange the sides of a Heegaard torus on a non-symmetric lens
space. Thus ϕ respects a Heegaard decomposition, and G is isomorphic to Zm,$ or Dm,$
by Theorem 1.1. By the comments after Theorem 3.5, the set of equivalence classes of
geometric G-actions on L coincides with the set of equivalence classes of G-actions which
respect a Heegaard decomposition. To complete the proof we apply Theorem 5.2, noting
that Mp,q($/m)=∆($/m) when q2 = ±1 (mod p). ✷
Theorem 5.4. Let L= L(p,q) where q2 =−1 (mod p) and p > 2. Let G be either Zm,$
or Dm,$ where m divides $, but not Z4 or Z2 × Z4. The number of equivalence classes of
geometric G-actions on L is three if G is isomorphic to Z2 or Z2 × Z2, and Mp,q($/m)
otherwise.
Proof. Let ϕ be a geometric G-action on L where G and L satisfy the hypotheses of the
theorem. By [5, Lemma 4.7] we may assume that ϕ leaves the torus T invariant. Let G1
be the subgroup of index one or two in G which consists of those elements g for which
ϕ(g) preserves the sides of T , and let G1(ϕ) be the subgroup of G1 consisting of those g
where ϕ(g) is isotopic to the identity on L. A diffeomorphism of L which interchanges the
sides of T is isotopic modulo T to σ±1− by [5, Theorem 1.2]. Since σ− has order four in
the mapping class group, if G1 =G then G/G1(ϕ) is isomorphic to Z4 and G1 =G1(ϕ).
Let G be isomorphic to Dm,$. Then the abelianization of G is an elementary 2-group.
Thus G has no Z4 quotient, and G1 must equal G.
Let G be isomorphic to Zm,$ but not Z2 or Z2 ×Z2 (which are covered by the previous
paragraph), and assume that G1 =G1(ϕ). Then G1 = Dm′,$′ for some m′, $′. As G1 is a
subgroup of the abelian group Zm,$, it is either Z2 or Z2 ×Z2, and G must be Z4 ∼= Z1,4 or
Z2 ×Z4 ∼= Z2,4, but these are ruled out by the hypotheses. We conclude that G1 =G1(ϕ),
and thus G1 =G as explained above.
In all cases we have shown that G1 = G and so each geometric action ϕ respects a
Heegaard decomposition on L. The proof is completed by invoking Theorems 3.5 and 5.2
(in this case Mp,q(2)= 2). ✷
When q2 = −1 (mod p) and G is Z4 or Z2 × Z4 there are orientation reversing G-
actions on L(p,q). But any such action will interchange the complementary components
of an invariant Heegaard torus, and we have the following result.
Theorem 5.5. Suppose q2 = −1 (mod p) and p > 2. Let G be a finite group which acts
on L(p,q) and preserves a Seifert fibering. Then G is isomorphic to Zm,$ or Dm,$ where
m divides $. The number of equivalence classes of fiber-preserving G-actions on L(p,q)
is three if G is isomorphic to Z2 or Z2 × Z2, and Mp,q($/m) otherwise.
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Proof. By [5, Theorem 4.5] a fiber-preserving G-action ϕ is geometric and orientation
preserving. Since q2 =−1 (mod p), the action splits by [5, Lemma 4.7] and it must pre-
serve the sides of a Heegaard torus since it is orientation preserving. The result now follows
by Theorem 5.2. ✷
Theorem 5.6. Let L= L(p,q) where p > 2. Let G be either Zm,$ or Dm,$ where m> 2.
Then the number of equivalence classes of geometric G-actions on L is Mp,q($/m).
Proof. When q2 = ±1 (mod p) or q2 =−1 (mod p) the result follows from Theorem 5.3
or Theorem 5.4. So for the remainder of the proof we assume that q2 = 1 (mod p).
Let ϕ be a geometric G-action on L where G and L are as stated. We may assume that
ϕ preserves the Heegaard torus T by [5, Theorem 4.9], and, as previously, we write G1 =
{g ∈ G | ϕ(g) preserves the sides of T } and G1(ϕ) = {g ∈ G1 | ϕ(g) is isotopic to idL}.
We are going to show that G1 = G. The theorem will follow from this by Theorems 3.5
and 5.2.
First let G = Zm,$ where m > 2. Then G1 must equal G1(ϕ) since G does not
contain any subgroup of the form Dm′,$′ with index two. Suppose that G = G1. Then ϕ
interchanges the sides of T . Since ϕ is orientation preserving on L its restriction to T
is orientation reversing. The orbifold T/ϕ is a closed nonorientable Euclidean 2-orbifold
double covered by a torus and so it’s diffeomorphic to the Klein bottle K , the mirrored
annulus mA, or the mirrored Mobius band mM . Corresponding to the orbifold covering
map T → T/ϕ we have an exact sequence of groups 1 → π1(T )→ π1(T /ϕ)→G→ 1.
The possibilities for π1(T /ϕ) are
π1(K)=
〈
a, b | ab = a−1〉,
π1(mA)=
〈
a, b, t | a2 = b2 = 1, [a, t] = [b, t] = 1〉 and
π1(mM)=
〈
a, b, t | a2 = b2 = 1, at = b, bt = a〉.
And their respective abelianizations are Z2 × Z, Z2 × Z2 × Z, and Z2 × Z. Since m> 2,
G= Zm,$ cannot be a quotient of any of these. Thus G1 must equal G and this completes
the proof in this case.
Now let G=Dm,$ where m> 2. By the previous paragraph the restriction of ϕ to Zm,$
has rotational type, and so G1(ϕ) contains Zm,$. Therefore G1(ϕ) must be Zm,$ since G
cannot have the form Zm′,$′ . Suppose that G1(ϕ) = G1. Then, as before, T/ϕ must be
K , mA or mM , and there is an epimorphism λ from π1(T /ϕ) to G which carries the
orientation subgroup to Zm,$. In the presentations given above, the orientation subgroups
of π1(K), π1(mA) and π1(mM) are respectively 〈a, b2〉, 〈ab, t〉 and 〈ab, at〉. If γ is an
element of π1(T /ϕ) not in the orientation subgroup then λ(γ ) is in Dm,$−Zm,$ and so has
order two. Therefore λ factors through the quotient Q of π1(T /ϕ) by the normal subgroup
generated by γ 2. In the respective cases K , mA and mM , we can choose γ as b, at and t ,
and for Q we get〈
a, b | ab = a−1, b2 = 1〉∼=D∞,〈
a, b, t | a2 = b2 = 1, [a, t] = [b, t] = 1, t2 = 1〉∼= Z2 ×D∞, and〈
a, b, t | a2 = b2 = 1, at = b, bt = a, t2 = 1〉∼= Z2 ×D∞.
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In all three cases, the finite quotients of Q are Dn or Z2 × Dn which have the form
Dm,$ where m = 1 or m = 2. This contradicts the assumption on G. We conclude that
G1 =G1(ϕ), and G1 =Dm,$ =G. ✷
6. Fixed point sets of cyclic actions
The singular locus of a G-action on a space is the subspace consisting of those points
whose isotropy subgroup is non-trivial. The singular data is the function which associates
each point in the singular locus with its isotropy subgroup. When G is cyclic of order $, we
may interpret the singular data as taking its values in the set of divisors of $ (specifically,
the function which associates each subgroup with its cardinality is a bijection from the
set of subgroups of Z$ to the set of divisors of $). On equivalence classes of actions, the
singular data is well defined up to composition with diffeomorphisms of the ambient space
and with automorphisms of G.
By Theorem 3.5, each action of rotational type on L= L(p,q) is equivalent to an action
whose image is contained inR= S1×S1. A subgroup ofR acts by rotations on the circles
C1 and C2 (which are the respective cores of the solid tori V1 and V2), and it acts freely on
L \C1 ∪C2. There are four possibilities for the singular locus of such an action: the empty
set, C1, C2 or C1 ∪C2. Furthermore, the singular data for the action is a constant function
on C1 and C2. Let Z$ be a cyclic subgroup of R and let $1 and $2 be the respective orders
of the isotropy subgroups for points of C1 and C2. Then the integers $1 and $2 (which are
divisors of $ but might equal 1) completely determine the singular data for the Z$-action,
and we refer to [$1, $2] as the type of the singular data for the action. The singular data for
a free Z$-action on L has type [1,1].
Write $ =∏ki=1 ρLii where ρ1, . . . , ρk are the distinct prime divisors of $. If J is a
subset of {1, . . . , k} then we define $J to be ∏i∈J ρLii . Thus $= $J $J ′ where J ′ denotes
the complement of J in {1, . . . , k}. We also write ρJ =∏i∈J ρi for J ⊂ {1, . . . , k}. Recall
that S1,$ denotes the set of Z$ subgroups of S1 × S1. By Lemma 3.1 and Theorem 4.7,
S1,$ has cardinality ∆($). In the following, (a, b) and (a, b, c) denote the greatest common
divisors of a and b, and of a, b and c.
Lemma 6.1. There is a one-to-one correspondence between S1,$ and the set of ordered
pairs {(J, a) | J ⊂ {1, . . . , k} and a ∈ ρJZ$} under which the Z$ subgroup of R
corresponding to (J, a) is generated by the rotation
r(J, a)= (γ $J+a$J ′ , γ a$J+$J ′ ) ∈ S1 × S1
where γ is a primitive $th root of unity.
Proof. The order of γ $J+a$J ′ is $/($J + a$J ′, $) = $1$J ′ where $1 = $J /(a, $J ), and
the order of γ a$J+$J ′ is $J $2 where $2 divides $J ′ . It follows that r(J, a) has order
lcm{$1$J ′, $J $2} = $. Thus r(J, a) generates a Z$ subgroup of R. Note that J ′ is the
set of all indices i such that the order of the first coordinate of r(J, a) is divisible by ρLii .
Therefore, if the subgroups generated by r(J, a) and r(I, b) are the same then J must equal
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I , and it is not hard to check that a = b as well. So the correspondence (J, a) → 〈r(J, a)〉
is injective. We now observe that {(J, a) | J ⊂ {1, . . . , k} and a ∈ ρJZ$} has cardinality∑
J⊂{1,...,k}
$
ρJ
= $
k∏
i=1
(
1+ 1
ρi
)
=∆($)
which equals |S1,$|. ✷
Proposition 6.2. Let ψ be the Z$-action on L(p,q) generated by r(J, a) where J ⊂
{1, . . . , k} and a ∈ ρJZ$. The singular data for ψ has type [$1, $2] where $1 = (a, $J )
and $2 = (ra + p,$J )(r + pa, $J ′). The subgroup of Z$ fixing every point in C1 ∪C2 has
order (a,p, $J ).
Proof. The circle C1 is fixed pointwise by r(J, a)k , for some k  0, if and only if
γ k($J+a$J ′) = 1. Therefore the isotropy subgroup of any point in C1 has order ($J +
a$J ′, $)= ($J + a$J ′, $J )= (a, $J ).
An element h ∈R acts on ∂V2 = S1 × S1 as left multiplication by α(h). Thus h fixes
C2 pointwise if and only if the first coordinate of α(h) is trivial. The first coordinate of
α(r(J, a)) is γ r($J+a$J ′ )+p(a$J+$J ′ ), and so the order of the stabilizer in Z$ of C2 is(
r($J + a$J ′)+p(a$J + $J ′), $
)
= ((r + pa)$J + (ra + p)$J ′, $J $J ′)= (ra + p,$J )(r + pa, $J ′).
The stabilizer of C1 ∪ C2 is the intersection of the stabilizers of C1 and C2, and this has
order ((a, $J ), (ra + p,$J ))= (a,p, $J ). ✷
For positive integers $=∏ki=1 ρLii and p, we write $p = $I where I = {i | ρi divides p}
and $p′ = $I ′ . So $= $p$p′ and $p′ is the largest divisor of $ which is relatively prime to p.
Theorem 6.3. Let L= L(p,q) be a non-symmetric lens space. The number of equivalence
classes of free geometric Z$-actions on L is $pφ($p′).
Proof. By Theorem 5.2 every geometric Z$-action on L has rotational or dirotational
type. But actions of dirotational type are not free, so a free geometric Z$-action has
rotational type. Thus the equivalence classes of free Z$-actions on L comprise a subset
of A(L;Z$,Z$). By Lemma 6.1 and the remark following Theorem 3.2, A(L;Z$,Z$) is
in 1–1 correspondence with the set of pairs (J, a) where J ⊂ {1, . . . , k} and a ∈ ρJZ$.
To complete the proof we will determine the pairs (J, a) for which the Z$-action ψ
generated by r(J, a) is free. For ψ to be free, its singular data must have type [1,1] and, by
Proposition 6.2, this happens if and only if (a, $J )= 1 and (ra + p,$J )(r +pa, $J ′)= 1.
Since (a, $J ) is divisible by ρJ , it equals 1 if and only if J = ∅, and then $J = 1 and
$J ′ = $. Also, (r +pa, $)= (r +pa, $p)(r +pa, $p′)= (r +pa, $p′) since r is relatively
prime to p. This shows that ψ is free if and only if J = ∅ and (r + pa, $p′) = 1. So
the free geometric Z$-actions on L are in 1–1 correspondence with the set F = {a ∈ Z$ |
(r +pa, $p′)= 1}. Let f be the function from Z$ to Z$p′ defined by f (a)= r +pa. Then
|F | = |f−1(Z∗$p′ )| = $p|Z∗$p′ | = $pφ($p′). ✷
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The fixed point set of a group action on a space is the subset of the singular locus
consisting of all points which are fixed by every element of the group. If a cyclic group
action on a lens space L has nontrivial fixed point set then the Smith Conjecture shows
that it is geometric. The next result generalizes the main results in [6]. It also has some
overlap with results in [3] which classify the I-equivalence classes of involutions with
nontrivial fixed point set, and it agrees with the result in [7] which enumerates involutions
of rotational type when p is odd.
Theorem 6.4. Suppose $ does not divide four and p > 2. The number of equivalence
classes of Z$-actions on L = L(p,q) with nontrivial fixed point set is two if L is non-
symmetric and $ does not divide p, and one in all other cases.
Proof. A geometric Z$-action on L splits by [5, Theorem 4.9], and it preserves the sides
of a Heegaard torus as in Theorems 5.4 and 5.5. Since Z$ is not dihedral, the action
must have rotational type and so it is equivalent to one generated by r(J, a) for some
J ⊂ {1, . . . , k} and a ∈ ρJZ$. By Proposition 6.2, C1 is stabilized by r(J, a) if and only
if (a, $J ) = $, and the latter happens only when J = {1, . . . , k} and a = 0. Therefore
there is one equivalence class of Z$-action which fixes C1. By a symmetric argument,
there is exactly one equivalence class of Z$-action which fixes C2. These two equivalence
classes of Z$-actions will coincide if and only if C1 ∪C2 is fixed; by Proposition 6.2, this
happens when (a, $J ) = $ and $ divides p (so that (a,ρJ , $J ) = $). Thus, if $ divides p
then there is one equivalence class of Z$-action with nonempty fixed point set (and the
fixed point set has two components). If q2 =±1 (mod p) then there is a diffeomorphism
interchanging C1 and C2, and so a Z$-action fixing C1 is equivalent to one fixing C2.
Again this shows that there is just one equivalence class of Z$-action with nonempty
fixed point set when q2 = ±1 (mod p). Finally, if q2 = ±1 (mod p) and $ does not
divide p then there are equivalence classes of Z$-actions (one fixing C1 and the other
fixing C2) and these must be distinct as there is no diffeomorphism interchanging C1
and C2. ✷
The two previous results can be deduced as special cases of more general statements.
To illustrate we describe the situation when $= ρL is a power of a prime ρ. In this case,
the number of Z$ subgroups of R is |S1,$| =∆($)= ρL + ρL−1.
Theorem 6.5. Let L = L(p,q) and let $ = ρL where ρ is a prime. The number
of Z$ subgroups of R with singular data of each possible type are given by the
following.
Case I: ρ does not divide p.
Type of singular data Number of Z$ subgroups
[1,1] φ($)
[1, ρk ], 1 k L φ(ρL−k)
[ρk,1], 1 k L φ(ρL−k)
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Case II: ($,p)= ρi where 0< i < L.Type of singular data Number of Z$ subgroups
[1,1] $
[ρk,ρk ], 0 < k < i φ(ρL−k)
[ρi ,ρi ] φ(ρL−i )− ρL−i−1
[ρi ,ρk ], i < k L φ(ρL−k)
[ρk,ρi ], i < k L φ(ρL−k)
Case III: $ divides p.
Type of singular data Number of Z$ subgroups
[1,1] $
[ρk,ρk ], 1 k L φ(ρL−k)
The proof of this theorem is carried out using Propositions 6.1 and 6.2 by a method sim-
ilar to those described in Theorems 6.3 and 6.4. As an application, observe that when $ is a
power of a prime ρ, the singular locus of a non-freeZ$ action of rotational type on L(p,q)
is a circle if ρ does not divide p, and the union of two disjoint circles if ρ does divide p.
Combining these results with known solutions to the geometrization problem can lead
to complete solutions to the classification problem for symmetries on L, such as:
Theorem 6.6. Let G be a finite group which contains no more than one element of order
two, and let L = L(p,q) be a non-symmetric lens space. The number of equivalence
classes of non-free G-actions on L is
0 if G ∼= Zm,$ for any m, $,
∆($/m) if G∼= Zm,$ where m> 1,
∆($)− $pφ($p′) if G∼= Z$ where $ > 2,
4− (p,2) if G∼= Z2.
Proof. Since G has no dihedral subgroups other than Z2, any G-action on L has cyclic
point stabilizers. Thus a non-free G-action on L is geometric by [1]. By Theorem 5.2, a
geometric G-action on L has rotational or dirotational type and G is isomorphic to Zm,$ or
Dm,$. Since G has no more than one element of order two it must be isomorphic to some
Zm,$. This establishes the first case and also shows that a non-free G-action must have ro-
tational type unless G∼= Z2. If m> 1 then Zm,$ contains the noncyclic subgroupZm,m. By
Theorem 5.2 there is only one equivalence class of Zm,m action on L of rotational type, and
clearly its singular locus is the union of two circles. Thus when m> 1 every Zm,$-action of
rotational type is non-free and the number of such actions is ∆($/m) by Theorem 5.2. This
establishes the second case. Now suppose that G∼= Z$ where $ > 2 (and m= 1). Then the
number of free G-actions of rotational type is $pφ($p′) by Theorem 6.3, and the third case
follows. It remains to treat the case where G is Z2. By Theorem 5.2 there are four equiva-
lence classes of geometric Z2 actions on L, and of these 2pφ(2p′)= (p,2) are free. ✷
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